TTLT PH VINH VIEN

[0 Ghuyen 2 : KHAO SAT HAM SO

v Vin dé 1: G161 HAN CUA HAM SO
A. PHUGNG PHAP GIAI

1/ Mot s6 dang vo dinh thudng gip: % .2
0

Chii y: Céc trudng hdp sau khong phdi la dang vo dinh

; 00—o00; 0.0.

(+00) + (+00) = +0 ® (+0) — (—o0) = +0 ® (-00) +(-0) =—©
oi=oo(a¢0) o£=0(a¢0) e a00o=00 (a#0)
0 o

2/ Khtt dang v6 dinh
e Ham sd ¢6 chita cin: Nhan va chia vdi bi€u thiic lién hgp.
e Ham sd c6 chita lugng gidc: Bi€n ddi dé st dung ba gidi han quen thudc
sinx I—cosx 1

lim =1 , lim 1, lim ==
x=0 X x>0 X x>0 x2 2

tan x

e Dang vd dinh % khi x — a: Phan tich ti s6 vd mau s6 d& c6 (x — a) lam
nhan t& chung.

e Dang v6 dinh 2: Dit s6 hang bac cao nhit clia tir s6 va mau s6 1am thira
s0 chung.

. a0 N 0
e Dang v6 dinh co—o0, 0.0: Bién doi dua vé dang 0 hoic 2.
©

B. BE THI
Bail:

3
Tim gidi han 1= lim I FVX =1

x—0 X

Gidi
< ) ~ . 0
Giéi han I c6 dang v6 dinh 0

Jx+l-1+1+3x-1 {\/x+1—1 %/x—1+1}
= lim +
X

X X

Ta co: I=lim
x—0

. Izlimﬂ_lzlim(ﬁ_l)(ﬁH)
! x—0 X x—0 X(\/m—i-l)

x—0
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x+1-1 1

1
= lim — = lim ———— =~
Xli%x(x/x+1+1) xlE(l)*\i><+1+1 2

3o 3w _ 1\ _ 3/ _
mﬂ_hm(\/x 1+1)(1/(x 1)> =3x 1+1]

« I, =1lim
2 x—0 X x—0 X(3’(X_1)2 —3hx—1 +1)
1+x-1 tim 1

:g"(ﬂ—ﬁ@ SO T

1

+

AN

N | =
[SSHT

VayIZIl+I2=

Bai 2: PE DU BI 1

3 2 2
Tim gi6i han 1= lim Va? — 142 41 .
x—=0 1—cosx

Gidi

Gidi han I c6 dang v6 dinh % .

Px2-1+1 2x2+1-1
m =+

=1i
0 . X .
X 2sin” = 2sin

(’\3/3)(2 1+ 1) ¥ (\/2){2 +1 —1)
Taco I=1im
2

0 .
x> 2sin” —

R 3x2 —1+1
- I, = hr% = 1III(1) 5
X . 2X X
Zsin” > 25in2;{(%/3x2 —1) 21 +1]

2

[\SRE

X
= lim 21 6| —2 —g
x—0 . X
(%/3;9—1) 14 sin >

X
) X
2x — lim ! 4 -2 —%:2.

e |, =Ilim
2
* OZSinzz(\l2x2+l+lj 20 2x% +1+1 sin%

Vayl=1,+1,=4.
Bai 3: PE DU BI 2

2 X

6 —_
Tim gi6i han L = 1im¥"2+5 .
x—1 (X _ 1)
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Gidi

Giéi han L c6 dang v6 dinh % .

6 x=D[>+x* + x> +x2+x-5
Tac6L = limx—6)(;_5:lim( )( . )
x—1 (X—l) x—1 (X—l)
(x—l)z(x4+2x3+3xz+4x+5)
= lim 3
x—1 (X—])

= lim(x4 +2x3 +3x2 +4x+5): 15.
x—1

v Vin dé 2: TINH CHAT BON PIEU CUA HAM SO
A. PHUGNG PHAP GIAI

1/ Pinh nghia:
Ham sd f xdc dinh trén khodng (doan hoic nita khodng) K va x;, x, € K.
e Ham s6 f goi 12 dong bién trén K néu x; < x, = f(x) < f(x,).
e Ham s6 f goi 1a nghich bién trén K néu x; < x, = f(x;) > f(x,).
Pinh nghia nay két hop vdi dinh Iy dudi day dvoc sit dung dé chitng minh mot bat
ddng thitc.
2/ Pinh li:
Ham s6 f c6 dao ham trén khodng K.
e Né&u f(x) > 0, Vx e K thi ham s6 f dong bién trén K.
e Néu f'(x) < 0, Vx € K thi ham s6 f nghich bién trén K.
Dinh Iy nay thuong duoc iing dung cho cdc dang todn sau:
Dang 1: Tim tham s6 dé ham sé luén dong bién (hodc nghich bién).
Thudng st dung ddu ctia tam thic bac hai P(x) = ax” + bx + ¢ (a #0)
A<0 {a =b=0
hay .
c>0

A<0 {a:b:O
hay .
c<0

*Px)20,Vxe R @{
a>0

*P(x)£0,Vxe R <:>{
a<0

Dang 2: Tim tham s& dé ham s6 dong bién (hodc nghich bién) trén khodng (a; b).
Ham s6 y = f(x, m) dong bién (hoic nghich bién) trén khodng (a; b)
< y' >0 (hoic y' <0), Vxe(a; b) va ddu "=" xdy ra & hitu han diém (*)
Thong thudng diéu kién (*) bién d6i duge v& mot trong hai dang:
(*) h(m) > g(x), Vxe(a; b) < h(m) > fnag; g(x)
a;
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(*) h(m) < g(x), Vxe(a; b) < h(m) < (mm) g(x)
a;b
(Xem VAan dé 4: GTNN — GTLN ctia ham s, d€ x4dc dinh Ena>§ g(x)
a;b
va min g(x))
(a:b)

Dang 3: Tim tham s6 dé phuong trinh (hé phuong trinh) cé nghiém.

Bién d6i phuong trinh da cho vé dang g(x) = h(m).

Lap badng bién thién cho ham s6 y = g(x) va dua vao bang bi€n thién nay
d€ két luan.

Chii y: Né&u bai todn c6 dit 4n s& phu thi phdi xdc dinh diéu kién cho 4n s& phu d6.

B. DE THI
Bai 1: CAO PANG KHOI A, B, D NAM 2009

Cho a va b 12 hai s8 thuc thdamdnO<a<b< 1.

Chitng minh riing: a’lnb — b’Ina > Ina — Inb

Giai
Bat ding thic di cho twong dudng vdi:

Inb Ina
>

(a®+ 1)Inb > (b* + Dlna < )
b>+1 a’+1

Inx

Xét ham s6 f(x) = 0<x<1
x2+1
2 2
= () = T IE2XINX G G e (0: 1) =F déng bién trén (0: 1)
x(x* +1)°

MitkhicO<a<b< 1 nén:
f(b) > f(a) <> 10 5 M8 pis) bhai ching minh),

b*+1 a’+1

Bai 2: PAI HOC KHOI A NAM 2008

Tim céc gid tri cla tham s6 m d€ phuong trinh sau c¢6 ding hai nghiém thuc

phanbiet:  Px +V2x +2Y¥6—x +2/6-x =m (meR)

Gidi
Xétham s6 £(x) =2x +2x + 246 —x +2J6—x .
e Tap xdc dinh: D =[0; 6]

O S N S S B
24ax N2x 24f6-x7 o-x
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&) =) [ =)

1 1 1 1 1 1 1
= - — e+ + + .
L 2x f/6—x} 2 (‘/(2)()2 %‘\%—x ‘\tjl(6—x)2 % Y6 —x

1

. Vil 1 + 41 + +4l +7 ! >0, Vx € (0; 6)
2 «4¢(2x)2 x/gxl6—x (‘/’(6—x)2 x/g J6-x
a o 1 1 4 4
Nén f'xX) =0 —— =0 V2x =V6-x = x=2
i’/; x4/6—x
e Bdng bién thién:
x |0 2 6
f'(x) + 0 -
W i~
2(3/8+\/€) Y2 +12

Dua vao bang bién thién ta c6:
Phuong trinh f(x) = m ¢6 2 nghiém phan biét

c>4ﬁ€+JE)sIn<:4#Z+JZ)

CACH KHAC Pit gu)=Yu+u
3 1 7 3

R - 3 -5 1
Ty==u 4+-u 2; ' (W)=—"u 4—=u 2<0,Vue (0,6
¢ () h Jutie (u) gl ke ,Vue (0;6)

Vay g/ l1a 1 ham gidm ( nghiém cdch ), Ta ¢6 f(x) = g(2x)+2g(6—x)
Suy ra t/ x)= 2g/ 2x)— 2g/ (6-—x)
Nén) f'(x)=0< ¢ (2x) =g/ (6—x) =2x=6—-x (do g’ gidm)
< x=2 Suyra f/(x)=2g/(2x)—2g/(6—x)<0<:>2x>6—x<:>X>2
va ' (x)> 0 ¢/ (2x)> ¢/ (6-x) = 2x<6—x (do ¢’ gidm)< x<2
Bai 3: DPAI HOC KHOI D NAM 2007

Tim gi4 tri ca tham s6 m d€ hé phudng trinh sau c6 nghiém thuc:

x+l+y+l:5
X y

x3+i3+y3 +i3=15m—10
X y

Gidi
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e Dit x+l:u, y+l:V (Dk:|u|22, |v|22).
X y

e Heé da cho tré thanh:
{u+v=5 ut+v=>5

&
w v =3u+v)=15m-10 (u+V)(u2+V2—uv)—3(u+v)=15m—10
u+v=>5

(u+v)[(u+v)2 —3uv}—3(u+v) =15m-10

uv=8—-m

u+v=>,
u+v=>5
2 =

5 (5) —3uv |-3(5)=15m - 10

e Khi dé u, v (n€u c6) s& 1a nghiém clia phuong trinh:
*—5t+8-m=0hayt*—5t+8=m (1).
e Hé da cho c6 nghiém khi va chi khi phuong trinh (1) ¢c6 nghiém t=1t; t=1t,
thda man: |t;|>2, |t;|>2 (t;, t, khong nht thi€t phan biét).

e Xéthamsd f(t)=t> —5t+8 vdi

t|22:
. 5
Suyraf(t)=2t-5vaf(t)=0<t= Y

Bé4ng bién thién
t —00 -2 2 5/2 +00

£(t) - . e
T >~ /

f(t) 22
7/4

e Tl bdng bién thién ctia ham s& suy ra hé da cho c6 nghiém khi va chi khi

%Sms2 hodc m > 22.

Bai 4: PAI HOC KHOI D NAM 2007

b a
Cho a > b > 0. Chiing minh riing: (Za +ij < (2" +ij

Giai

Bat ding thitc da cho tuong dudng vdi:

a b
o In(+4%) _In1+4%)
a

(1+4M° <(1+4%)* < bln(1 +4%) <aln(1 +4°) -
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véix > 0.

X
Xét ham s6 f(x) = nd*4)
X

4% In4
X

inf1edt) . .
x4 " In4-(1+4")In(1+47)

Ta ¢6: f'(x) =14
x? x2(1+4%)

4* [m 4% In(1 + 4% )} ~In(1+4%)

X2 (1+4%)
Nhian xét: e 4* <1 +4"= In4* <In(1+4")
e 1+4">1= In(1+4%)>0

Do d6 f'(x) <0, Vx>0
Suy ra f(x) nghich bi€n trén khodng (0; +c0).
Mitkhiac a>b>0nén:
In(1+4%) _ In(1 + 4°)

a B b
Bai 5: DAI HOC KHOI A NAM 2007

f(a) < f(b) & (Piéu phai chitng minh).

Tim m dé phuong trinh sau ¢6 nghiém thuc: 3vx —1+myx+1= 23x% -

Gidi

e Diéukién: x > 1.

e Chia hai v€& clia phuong trinh cho 1, phuong trinh da cho tuong duong véi

/ 4/ 2
X_1+m=2x—_1 & -3
Vx+1 Vx+1 x+1 X+

, khi d6 phuong trinh (1) tr§ thanh -3t +2t=m 2)

3

M

e Datt=4

x+1

Vi t=‘\‘/X_1=‘\‘/1— 2 vaix>21nén0<t<1
x+1 x+1

e Xétham sd f(t)= -3 +2t, v6i0<t<1

Suyra:f(t)=-6t+2 va‘lf"(t)=0c>t=%

e Bang bién thién:



Hu6ng dén gidi CDBT ti cic DTQG Todn hoc —

(1) / \

0 -1

e Dua vao bang bién thién ta c6:

. . 1
Phuong trinh da cho c6 nghiém < (2) c6 nghiémte [0; 1)< —1< m < g .
Bai 6: PAIHOC KHOI B NAM 2007
Ching minh ring véi moi gia tri duong ctia tham s& m, phuong trinh sau cé hai
nghiém thyc phan biét: x> +2x—8=fm(x—2)
Gidi
e Diéukién: m(x—2) >0 x>2 (Do xétm >0).
e Phuong trinh da cho tudng duong véGi
2
(x=2)(x+4)= \fm(x —2) & [(x—2)(x +4)] =m(x-2)
x=2

x> +6x2-32-m=0

<:>(x—2)[(x—2)(x+4)2 —m]:O =

e Nhan xét: Phuong trinh di cho luén c6 mot nghiém dudng x = 2, nén tir yéu
cAu bai todn, ta chi cAn ching minh phuong trinh: x* + 6x* =32 = m (1) ¢6 mot
nghiém trong khodng (2; +).

o Xétham sd f(x) = x> + 6x” —32, vdi x > 2.

Ta c6: f'(x) =3x" + 12x > 0, Vx>2
Bé4ng bién thién:
x |2 +00
f'(x) +

f / +00
(x) 0

e Tu bang bién thién ta thdy véi moi m > 0, phuong trinh (1) ludn c6 mot

nghiém trong khodng (2; +0).
Vay v6i moi m > 0 phuong trinh da cho ludén ¢6 hai nghiém thyc phan biét.
Bai 7:

10
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X4c dinh m d& phuong trinh sau ¢6 nghiém.

m(x}l+x2 —\ll—x2 +2):2\/1—x4 +\/l+x2 —\/l—x2

Gidi
e Dbiéukién: -1 <

. = \1+x2 \/1 X220 = t2=2-2J1-x* <2
Pidukién: 0< t< 2

2 +t+2

e Phuong trinh da cho trd thanh: m (t+2) =2 — 4+t < m= 3
t+

2
. - >
o Xéthamsé f(t) = %,V(’HOS (<2,
t+

—t2 —4¢

. f()= =

f(t)=0 < t=0,t=—4
(t+2)

e Bdng bién thién
t 0 2
P = i

£(t) 1 \ - é
Tu bang bi€n thién clia hAm s& suy ra phuong trinh da cho ¢6 nghiém khi va chi
khi 2 —1<m< 1.

Bai 8: DE DU BI |

2 2
Cho ham s§ y =2 +5”;“ 0 ) (mlatham s6)
X+

Tim m d€ ham s& (1) ddng bi&n khodng (1; +o0).
Giai

, X% +6x+9-m?

Tacé: y'= <137
X

e Ham sd y dong bién trén (1; +0) <> y' >0, Vx> 1

<:>x2+6x+9—m220, vx >1 <:>X2+6x+92m2, Vx>1.
o XéthamsS g(x)=x"+6x+9, Vx>1

gx)=2x+6>0, Vx>1
Do d6 yéu ciu bai todn tuong duong véi

11
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min g(x) 2 m2<:>g(1):16 >m’ @-4<mc< 4.
x 21

Bai 9:

2
Ching minh ring: e* +c0sx22+x—%, vx e R

Gidai
Ta chitng minh hai bt ding thifc sau:
1/ e*>1+x,vxeR

2
2/ costl—%, VxeR

e Ching minh €* >1+x,VxeR
Xéthimsdfx)=e* —x-1=>fx)=e" -1 =21fx)=0 ©x=0
Béng bién thién:
X | —o 0 +00
f'(x) - 0 +

| S,

Dua vao bang bién thién ta thdy
f(x)20,VxeR <e*2x+1,vxeR (1)

2
e Ching minh: cosle—%, vxelR

2
Xét ham sd g(x) = cosx — 1 + %

Vi g(x) 12 ham s6 chdn nén ta chi cin xét x > 0 1a dd.
e g'(x)=-sinx +Xx
o g"(x)=——cosx+120
= g'(x) ddng bién, Vx>0 = g'(x) > g'(0) =0, Vx>0
= g(x) dong bi€n, Vx>0 => g(x) >0, Vx>0
= COSX + %—120, Vx>0=> cosle—g; vxeR (2)

2
Tu (1) va (2) suy ra eX+cosx22+x—%; vxekR.

12
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Bai 10: PE DU BI 2

2
. -2 .
Cho ham s0 y = % (1) (mla tham sd)
X_

Xd4c dinh m d& ham s& (1) nghich bién trén doan [-1; 0].

,_x2—4x+4—m
(x-2)
e Ham so nghich bién trén doan [-1; 0] < y' <0, Vx € [-1; 0]
Sx —4x+4-m<0,Vx e [-1;0] &x*—4x+4<m,Vx e [-];0]
o Xétham s g(x) =x>— 4x +4, Vx e [-1;0]; g'(x) = 2x — 4
Béng bién thién:

X | =0

//%/ //

/

e Duva vao bang blen thlen suy ra: m > Max fx)©em=29

Bai 11: CAO PANG GTVT III

Tim gi4 tri cda tham s6 m d€ phuong trinh sau c6 ding 2 nghiém duong:

\/X2—4x+5:m+4x—xz

Giai

° Datt—\/x —4x+5, tacot— vat' =0 x=2.

x> —4X+5

e

e Tir bang bién thién suy ra:
+ Piéu kién cho 4n phu la: t > 1.

+ Ung véi mot gid trit € (1; \/g) thi cho hai gid tri x duong.
+ Ung véi mot gid trit € I:\/g, +oo) thi cho mot gid tri x dudng.

e Phuong trinh di cho trg thanh: m =+t — 5 (1).
o XéthamsSf(t)=t’+t—-5@t21)thif()=2t+1>0,Vt>1.

13
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+00

Nhan xét riing phuong trinh (1) c¢6 nhiéu nhat 1 nghiém t > 1.
Vay phuong trinh da cho c¢6 ding 2 nghiém x > 0 khi va chi khi
phuong trinh (1) ¢6 ding 1 nghiém te (1; \/g) & 3<m< \/g

Bai 12: CAO PANG KINH TE POI NGOAI

Xéc dinh m dé phuong trinh sau c6 nghiém thuc: 24/x+1 =x +m

Gidi

e Ditt=x+1.DPidukiént>0

e Phuong trinh da cho tr§ thanh : 2t=t— 1 + m < m=—t* + 2t + 1

o Xéthamsdy=—t+2t+1,t>0. Tacoy =—2t+2vay =0 t= 1.
t|0 1 +00

1

y + 0 -

/2\

e Tir bing bié€n thién clia ham s6 suy ra phuong trinh da cho c6 nghiém khi va
chi khi m <2,

v Véndé3: CUC TRI CUA HAM SO
A. PHUGNG PHAP GIAI

A. TONG QUAT

1. Ham s6 f ¢6 cuc tri < y' d6i dau.
2. Ham s6 f khong c6 cuc tri <> y' khong ddi dau.
3. Ham s6 f chi c6 mot cuc tri < y' d8i ddu 1 1an.
4. Ham s6 f c6 2 cuc tri (cuc dai va cuc tiéu) < y' d6i dau 2 1an.
5. Ham s6 f ¢6 3 cuc tri < y' d6i dau 3 1an.

ny [P =0
6. Ham s0 f dat cyc dai tai Xo néu {

7(xg) <0

14
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e e |f'xg)=0
7. Ham s0 f dat cyc ti€u tai xo néuq
7(x¢)>0

8. Ham s6 f c6 dao ham va dat cyc tri tai xo = f'(xq) =0

9. Ham s6 f c6 dao ham va dat cyc tri bing c tai x = xg = )
XO =C

Chii y : D6i v6i mot ham s& bat ki, ham s& chi c6 thé dat cuc tri tai nhitng diém
ma tai d6 dao ham triét tiéu hodc dao ham khong xédc dinh.
B. CUC TRI CUA HAM SO BAC 3
y:ax3+bx2+cx+d,y':33x2+2bx+c.
1. D& thi c6 2 diém cuc tri nim cling mdt phia d6i véi Ox
a=0
<> Ham s6 ¢6 hai gid tri cuc tri cling ddu < <Ay’ >0
Yep-Yer >0
2. Db thi c6 2 diém cyc tri niim 2 phia d6i v6i Ox
az0
<> Ham s6 ¢6 hai gid tri cyc tri trdi ddu < Ay’ >0
Yep-Yer <0
3. Cho dudng thing d: AXx + By + C=0
Goi M (x; y1) va Ma(X5; y») 12 di€m cuc dai va cuc ti€u clia dd thi.
Khodng céch dai s6 tit M, va M, d&€n dudng thing d 12 :
tl=Ax1+By1—|rC t2=Ax2+By2+C
JA? 4+ B2 JA? + B2
e Do thi c6 2 diém cuc dai, cuc tiéu & hai phia ctia d
y =0 ¢6 2 nghi€m phan biét x,, X,
{tl.tz <0
e Do thi c6 2 diém cuc tri cing phia ddi vdi mot dudng thing d
y' =0 c6 2 nghiém phan biét x;, x,
{tl.tz >0
4. Ham s0 dat cyc tri tai x;, X, thda hé thic F(x;, x,) =0 (1)
e Diéu kién d€ ham s c6 cuc dai, cuc ti€u la:
a=0

y' =0 c6 2 nghiém phan biét x,, X, < , = diéu kién clia m
Ay'>0

15
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X[ +X __b
1 2 2

® X va X, thda hé thic (1) < c
XI'X2 :g

Heé thac (1)
e Giai hé suy ra m. So v6i diéu kién nhan hay loai gi4 tri ctia m.
5. Pudng thing di qua 2 diém cuc tri cia db thi ham s& bac ba
LAy y chia cho y' gid sif ta dugc: y = (ux + v).y' + mx +n (¥)
Goi A(Xo; yo) 12 cuc tri ctia dd thi thi y'(xo) = 0 va toa do diém A théa phuong
trinh (*): yo = (UXo + v).y'(Xg) + mXp + n < yp = mXg + n.
Do d6 duong thing di qua 2 di€m cuc tri clia d6 thi ¢6 phuong trinh y = mx + n
C. CYC TRI CUA HAM SO BAC 4 TRUNG PHUONG
y= ax' +bx’ +c
y' = 4ax’ + 2bx
y'=0 < 2x(2ax% + b) = 0> X:g
2ax“+b=0 (€))
e Ham s6 c6 3 cuc tri < (1) c6 2 nghiém phan biét khdc 0 <> a.b <0.
e Ham s6 c6 diing mt cuc tri
&> (1) v nghiém hoic c6 nghiém kép hoic c¢6 nghiém bing 0
a=0vab=0
L #0vaab>0
Chii y : Néu db thi clia ham s6 bac 4 tring phuong c6 3 cuc tri thi 3 cuc tri nay
ludn tao thanh mdt tam gidc cn tai dinh nim trén truc tung.

d -~ ~” ~ ? 2
D. CYUC TRICUAHAM SO HOU TI y = ax_+bx+c
b'x +c
i ab'x” +2ac'x +bc'-cb'
(b'x + c')2
V=0 g(x) = ab'x” + 2ac'x + bc' — cb' =0 (b'x +c' #0)
1. Ham sd c6 cuc dai va cuc ti€u <> y' =0 c6 2 nghiém phan biét
ab'#0
&
Ag>0
( Khi g(x) = 0 c6 2 nghiém phan biét thi hién nhién 2 nghiém d6 théa b'x +¢' = 0)

2. Ham s6 khong c6 cuc tri <> y' = 0 v nghiém hoidc c¢6 nghiém kép.

’

3. Do thi c6 2 diém cuc tri & cling mot phia ddi vdi Ox
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ab’#0 ab’#0
& <Ag>0 hodc {Ag >0
Yep-Yer >0 y =0 c6 2 nghi€ém phan biét

4. Db thi c6 2 diém cyc tri nim vé hai phia ddi vdi Ox
ab’'#0

ab’ =0
< Ag>0 hodc . e
y =0 v0 nghiém
Yep-Yer <0
5. Dudng thing di qua 2 di€m cyc trj ciia d6 thi ham s& hitu ti
2 ' '
ax“ +bx+c ux) " , uv—vu
= = - = —
a'’x+b V(x) ) =y V2

Goi A(Xo; yo) 12 cuc tri clia dd thi thi

A 3R 2 N . u(XO)

¢ Toa dd di€m A thoa phuong trinh (*): y, =
V(Xg)

o Y(x)=0 < u(XO)V(XOZ)_V(XO)u(XO):O
v (xo)

e u'(x0)v(x0)=V'(x0)u(xo)

u(x u'(x 2ax,+b
() (i) 20ty

Vay dudng thing di qua 2 diém cuc tri ctia dd thi c6 phuong trinh y = 2a);'+ b .

B. DE THI
Bai 1: PAI HOC KHOI B NAM 2011

Cho ham s8 y = x*—2m+Dx*>+m (1), mla tham s6.
Tim m d€ dd thi ham s6 (1) ¢6 ba diém cuc tri A, B, C sao cho OA = BC, O 1a géc
toa do, A 1a di€m cyc tri thudc truc tung, B va C 13 hai di€m cuc tri con lai.

Gidi
Ta cé: y' = 4x’ — 4(m + 1)x.
y=0<x=0hodcx’=m+ 1.
e Ham sd c6 ba cuc tri < Phuong trinh y' = 0 ¢6 ba nghiém
om+1>0&m>-1.

e Khim>-1thiy'=0<x=0hodcx=*tym+1.
Suy ra A(0; m), B(—xim+1;—m2 —m—l) va C(x/anl;—m2 —m—l).
Tac6: OA=BC < m’=4(m+ 1)< m=2+22 (théam>—-1)
Vay: m=2i2\E.
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Bai 2: CAO PANG KHOI A, B, D NAM 2009

Chohams8y=x"— 2m— 1)x* + (2— m)x + 2 (1), v6i m 1 tham s& thuc
Tim cdc gi4 tri cia m d€ ham s (1) ¢6 cuc dai, cuc tiéu va cac diém cuc tri clia
dd thi ham s& (1) ¢6 hoanh d6 duong.

Gidi
e Tipxdcdinh: D=R,y' =0<3x"-22m- Dx+2-m=0 (¥
e Yéu cau bai todn tuong duong véi
Phuong trinh (*) c6 hai nghiém duong phan biét

4m?-m-5>0 5
' m < —1 hay m > —
A'>0 27-m 5
<S<P>0 <4 3 >0 Sim<2 <:>Z<m<2.
S>0 2(2m_ )>0 ms L
3 2

Bai 3: PAI HOC KHOI B NAM 2007

Cho ham s6: y = — x> + 3x° + 3(m* — Dx— 3m*—~ 1 (1), m Ia tham s6.
Tim m d€ ham s6 (1) ¢6 cuc dai, cuc ti€u va cdc diém cuc tri cia dd thi ham s&
(1) cach déu gdc toa dd O.

Gidi
e Tapxdcdinh: D=R
Taco:y' = -3x> + 6x + 3(m* - 1)
y=0ox>-2x-m°+1=0 ()
e Ham sd (1) c6 cyc tri <> (2) c6 2 nghiém phan biét

SA=m’>0 <m=#0.

=l-m=>y=-2-2m’

Khidé y=0e| M7V "
x=l+m=y=-2+2m’

e Goi A, B 1a 2 di€m cyc tri cia d6 thi ham s& (1) thi

A(l = m; =2 —2m°), B(1 + m; —2 + 2m°).
e OcichdéuAvaB < OA=0B < 8m’=2m < m=i% (vim = 0).

Bai 4: CAO PANG KY THUAT CAO THANG NAM 2007

X% +mx +1

Choham s6 y=————, (1) (mla tham sd)
X+ m

1/ Tim m d& ham s6 (1) c6 hai gi4 tri cuc tri trdi ddu nhau.

2/ Tim m d€ ham s6 (1) dat cuc dai tai x = 2.

Gidi
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1/ Hai gi4 tri cyc tri trdi d4u nhau
< D6 thi ham s6 (1) khong cit truc hoanh
oxX+mx+1=0 V6nghiém<:>A:m2—4<0<:>—2<m<2.
Cdch khdc:
Nghiémclay' =0lax;=-m+1,Xx,=—-m— 1
Tacd yx))=—m+2,y(Xp)=—m-2
Hai gid tri cuc tri trdi ddu nhau < y(x;).y(x2) <0
SEm+2)(—-m-2)<0e-2<m<2.

X% +2mx +m? —1

2/ o Tipxdcdinh: D= R\{-m} va y'= >
(x+m)

Ham s6 dat cuc dai tai x = 2 thi y'(2) = 0.
Nghiala: m*+4m+3=0<m=-1vm=-3

2
Khim=—1thi y'=> Zi,y':0<:>x:0vx:2
(x—=1
Béng bién thién:
X | —oo 0 1 2 +00
y' + 0 - - 0 +
+00
y _Oo/ \ \ /
Ham s6 khong dat cuc dai tai x = 2.
2
Khim = -3 thi yex;‘xjg, y=0ox=2vx=4
(x=3)
Béng bién thién:
X | —oo 2 3 4 +00
y' + 0o - - 0 +

y _00/1\ \/+oo

Ham s& dat cuc dai tai x = 2.
K&t luAn m = -3, khi d6 gid tri cuc dai tuong tng 1a y(2) = 1.
Bai 5: DA HOC KHOI A NAM 2007

x2+2(m+l)x+m2+4m

(1), m 12 tham s&
X+2

Cho ham s6 y =

Tim m d€ ham s6 (1) c6 cuc dai va cuc tiéu, ddng thdi cdc di€m cuc tri cla dd
thi ciing vé6i gdc toa do O tao thanh mdt tam gidc vudng tai O.

Gidi
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2 )
° Tﬁp X4ac dlnh D= R\ {_2} va y/ _ X +4x +42 m
(x+2)

e Ham sd (1) ¢6 cuc dai va cuc tiéu
& g(x) = X +4x+4-m’c62 nghiém phan biét
( Khi g(x) =0 c6 2 nghiém phan biét thi 2 nghiém d6 thda x = —2)
S AN=4-4+m*>0 ©m=#0
, X=—2-m=>y=-2
© v=0e [x:—2+m:>y:4m—2
Goi A, B 1a cdc diém cuc tri ctia dd thi ham s6 (1)
= A(-2 —-m; -2), B(-2 + m; 4m — 2).
Do OA=(-m—2;—2)#0, OB=(m—2; 4m—2)# 0
Nén ba diém O, A, B tao thanh tam gidc vudng tai O
& OAOB=0 < -m’—8m+8=0 < m=-4+26 (théa min m = 0).
Vay gid tri cAn tim 1a: m=—-4+26.
Bai 6: PAI HOC KHOI B NAM 2005

x? +(m+Dx+m+1
X+1
Chitng minh ring véi m bat k¥, dd thi (C,,) ludn c6 diém cuc dai, diém cuc
ti€u va khodng céch giita hai diém d6 bing 20 .
Gidi

Goi (Cyy) 12 d6 thi clia hAm sd y = (m 13 tham s0).

Tacé:y=x+m+
x+1

Téap xdc dinh: D= R\{-1}.
_ 1 _X(x+2)
x+1)?  (x+1)?

D6 thi him s ludn c6 hai di€m cuc tri 1a M(=2; m—3) va N(0; m + 1) dong thdi

y' =1 y=0&x=-2 hay x=0.

MN = \/(0 ~(2)) +((m+1D—(m-3))* =420 (Piéu phai chiing minh)

Bai7: PE DU BI 1
Cho ham s6 y = x* —2m’x” + 1 (1) v6im la tham so.

Tim m d€ db thi ham s (1) ¢6 3 diém cuc tri 12 3 dinh clia mot tam gidc vudng

can.

Gidi
¢ Tim m d€ ham s6 ¢6 3 cuc trj.
o y'= 4x° - 4m’x
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x=0=y=1
. y':0<:>x(x2—m2)=0<:> x:m:>y:1—m4
x:—m:>y:1—m4
e Ham s6 ¢6 3 cuc tri <> y' = 0 c6 3 nghiém phan biét <> m # 0.
¢ Ba diém cyc tri ca db thi A(0; 1), B(m; 1 — m*), C(-m; 1 — m®)
e Taco: ?Bz(m; —m4), ?Cz(—m;—m“).
e Viyla ham chin nén tam gidc ABC ludn can & A. Do d6:
Tam gidc ABC vuéng can <> AB L AC < ABAC =0
<:>—m2+r1r18=0<:>[m:O (loai)‘
m=z=1
Viym==1.
Bai 8: DE DU BJ 2

2

x2+(2m+1)x+m +m+4

Cho ham s y = 2 ]
X+m

(1) (mla tham s0).

Tim m d€ ham s8 (1) ¢6 cuc tri va tinh khodng cdch giita hai di€ém cuc tri clia
d6 thi ham s6 (1).

Giai
e Tim m dé ham sd ¢6 cuc tri
Tép xdc dinh: D = R\{-m}.
. X% +2mx+m? —4

) 2(x+m)2

y'=0 c6 2 nghi€ém phan biét < g(x) = X +2mx+m’—4=0 (*)
¢6 2 nghiém phan biét

( Khi g(x) =0 ¢6 2 nghiém phén biét thi 2 nghiém d6 théa x # —m)

Ham s6 ¢6 cuc tri <> (*) ¢6 2 nghiém phan biét

2

S Ap=m’-m’+4>0.

Vay véi moi m ham s6 ludn c¢6 hai cuc tri.
e Tinh do dai hai diém cuc tri.
Goi A(X;; y1), B(x2; y2) 12 hai diém cuc tri cia d6 thi ham s&. Khi dé:
¢ X, X; 1a nghiém (*). Theo Viét ta c6: x| + X, = —2m, X;.X; = m’ — 4.
2+ 2m+1 2%, +2m +1

vay; =

*
Y1 > >
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Ta c6 AB=\/(X1 X2) +( \/2()(1 X5) =\/2(x1+x2)2—8x1x2

=\/8m2—8(m2—4)=\/3_2=4x/5.

Bai 9:

Cho ham s8'y = —x" + 3mx* + 3(1 —m%) x + m’ —m” (1) (m 12 tham s5).

Viét phuong trinh dudng thing di qua 2 diém cuc tri cia dd thi ham s6 (1).
Gidi

e Tapxdcdinh: D=R
Tacéy' =-3x"+6mx + 3 (1 —m?)
y'=0 &x —2mx+ m°—1=0 c6A'=1 >0, Vm.
Do d6 phuong trinh y' = 0 luén c¢6 2 nghiém phéan biét, nghia 1a ham s6 (1)
ludn ¢é 2 cuc tri véi moi m.
e Tacé y:%(x—m)y’+2x+m—m2(*)
Goi A(x; yo) 12 cuc tri ctia db thi ham sd (1) thi y'(xo) = 0 va toa do diém A
théa phuong trinh (*):
2

Yo :%(xo —m)y'(x0)+2x0 +m—m2<:>y0 =2X,+m-m

Vay dudng thing di qua 2 diém cuc tri cia dd thi ham s& (1) ¢6 phuong trinh

y=2x+m—m2.

Bai 10: PE DU BI 2
Choham s6y = (x —m)’ —3x (m 12 tham s0)

Xdc dinh m d€ ham s da cho dat cuc ti€u tai diém c6 hoanh d6 x = 0.
Gidi
e Tipxdcdinh:D=R,y =3(x- m)” - 3, y"=6(x — m)
e Ham sd di cho dat cuc tifu tai diém c6 hoanh do x =0

{y’(O) 0 {3(0—m)2 ~3=0
< =

<sm=-1
y'(®>0 " |6(0-m)>0
Bai 11:
Cho ham s6y = mx” + (m* - 9)x* + 10 (1) (m 12 tham s&).
Tim m d€ ham s6 (1) ¢6 3 diém cuc tri.
Gidi

e Tapxdcdinh: D= R
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x=0

y' =4mx’ +2(m’ - 9)x, y' =0 = 5 5
2mx”“+m-~ -9=0 (¥)

e Ham sd ¢6 3 cuc tri < (*) ¢6 2 nghiém phan biét khédc 0

m? -9

<0 & m< -3hay0<m<3.
2m

Bai 12: PE DU BI 1

2
X+ mx (1) (m Ia tham s5).

Cho ham s6'y =
1-x

Tim m d€ ham s6 (1) ¢6 cyc dai, cuc tiu. Vi gid tri ndo cda m thi khodng
cdch giita hai di€m cyc tri cda d6 thi ham s6 (1) biing 10 ?

Gidi

2
Tép xdc dinh: D = R\{l} vi y’:%
1-x

e Ham sd c6 cuc dai, cuc tiéu
S gx)= x> +2x+m=0 (*) c6 2 nghiém phan biét
( Khi g(x) =0 c6 2 nghiém phéan biét thi 2 nghiém d6 thda x = 1)
& A

’

g(x
e Goi A(x1; ¥1), B(X2; y2) 1a hai diém cuc tri ciia d6 thi ham s6. Khi dé:
¢ X4, X; 1a nghiém (*). Theo Viétta cé x; + Xp =2, X1.X; =— m.

):1+m>0<:>m>—1.

¢y =-2x;,—m vay, = =2X, —m.
o AB’=(x;— %)+ (y1 - ¥2)' = (%1 — X2 + 4(x; - x2)°
100 = 5[(;;1 +x,) —4x1x2}
<20=4+4m < m=4 (Thda diéu kiénm > -1).
v Vén dé 4:
GIA TRI LGN NHAT - GIA TRI NHO NHAT CUA HAM sO
A. PHUONG PHAP GIAI

1. DINH NGHIA
Cho ham s6 y = f(x) xdc dinh trén D.
e Neéu f(x) <M; Vx € D va 3xq € D sao cho f(xo) = M thi M goi 1a gid tri 16n
nhat cia ham s6 y = f(x) trén D.

Ki hiéu: maxf(x)=M
xe D

e Neéu f(x) >m; Vx € D va 3xy € D sao cho f(x() = m thi m goi la gi4 tri nhd
nhit clia ham s6 y = f(x) trén D.

Ki hiéu: min f(x)=m
xeD
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I1. MOT SO PHUONG PHAP TiM GIA TRI LON NHAT VA GIA TRI NHO NHAT
CUA HAM SO THUONG GAP.
e Phuong phdp 1: Tim gid tri 16n nhat va gid tri nhd nhit cda ham s6
f(x)=ax>+bx +c(a=0)trén R.

2
Phan tich f(x) =a | x 4+ 2 — 2
2a 4a°
+ Néua >0 thi mlnf(x)——é@n(——L
x €R 4a 2a
+ Néua <0 thi maxf(x)——é<:>x——L
x € R 4a 2a

e Phuong phdp 2: Tim gid tri 16n nhat va gid tri nhd nhat cla
f(x) = ax” + bx + ¢ (a #0) trén [a; B].
Tim hoanh d¢ dinh parabol xo = —21
a

+ Truong hop 1: a>0 max f(x)=max {f(a), f()}
x€[e; B]

— Néuxg e [o; Bl thi min f(x)=1f(x,)
x€la; B]

- Néuxg ¢ [a; B] thi m1n f(x) min{f(a), f(B)}

xelo; B

+ Truong hop 2: a<0: min f(x)=min {f(a), f(B)}

x€[a; B]
— Néuxg € [a; B] thi max f(x)= f(xq)
x€[ey; B]
- Né&uxg ¢ [a; B] thi max f(x)=max{f(a), f(B)}
xela; B]

e Phuong phdp 3: Dung tinh chat don diéu ctia ham s&.
Bai to4dn: Tim gid tri 16n nhat va gid tri nhd nhit cda ham s6 y = f(x) lién tuc
trén [a; b]
— Tim nghiém x, cta f'(x) trong [a; b].
— Khidé min f(x) = min {f(a), f(b), f(xo)}

x€la; b]

max f(x)=max {f(a), f(b), f(x¢)}

xé€la; b]
Bai todn: Tim gid tri I6n nhat va gid tri nhé nhat cia ham s6 y = f(x) khong
phdi trén [a; b]
Dua vao bang bién thién clia ham s& d€ tim gi4 tri 16n nhat va gid tri nhd
nhat clia ham s0.
Chii y:
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— Né&uham sd y = f(x) ting trén [a, b] thi:

min f(x)=f(a) va max f(x) = f(b)
x€la; b] x€la; b]

— N&uham sd y = f(x) gidm trén [a, b] thi:
min f(x)=f(b) va max f(x) = f(a)
x€la; b]

x€[a; b]
— N&u bai todn phai dit &n s6 phu thi phai c6 diéu kién cho &n s phu d6.
e Phuong phdp 4: Dung mién gi4 tri clia ham s6 y = f(x) (x € D)
y thudc mién gi4 tri cda ham s6'y = f(x)
< Phuong trinh y = f(x) ¢6 nghiém x € D.
Tir d6 ta tim dugc diéu kién clia y va suy ra dudc gia tri 16n nhat va gia tri
nhé nhat ca ham so.
Chii y: Phuong trinh: asinx + bcosx = ¢
c6nghitmx € R<a’ +b>>¢
e Phuong phdp 5: Dung bt ding thiic
Dung cic bat ding thifc dai s6 d€ chin bi€u thic f(x) rdi dung dinh nghia gia
tri 16n nhat va gid tri nhé nhat dé tim d4p so.
+ Luu y: Phai xét ddu “=" x4y ra trong tit ci cac bat ding thitc di ding trong
quéd trinh giai.

B. DE THI
Bai 1: DAl HOC KHOI D NAM 2011
2
Tim gid tri nhd nhat va gid tri 16n nhat cda ham s6 y = 2X+—3)1(+3 trén doan
X —
[0; 2].
Gidi
_2x2+3x+3:>y,_2x2+4x L |x=0e[0:2]
x—1 (X_l)z ’ x:—2e[0;2]'
) N 17
e Tacé: y(0) =3va y(Z):?.
e Viham s6 da cho lién tuc trén [0; 2] nén:
17

miny=y(0)=3 va maxy =y(2)=73

Bai 2: PAI HOC KHOI D NAM 2009

Cho céc sd thyc khong am x, y thay d6i va thda man x +y = 1. Tim gid tri 16n
nhat va gid tri nhd nhat cia biéu thic S = (4x* + 3y)(4y” + 3x) + 25xy.

Gidi

25



Hu6ng dén gidi CDBT ti cic DTQG Todn hoc —

o S=(4x"+3y)(4y* + 3x) + 25xy = 16x°y” + 12(x” + y°) + 34xy
= 16)<2y2 + 12[(x + y)3 = 3xy(x +y)] + 34xy = 16)(2y2 + 12(1 — 3xy) + 34xy
= 16x%y* — 2xy + 12

e Pitt=xy.Vix,y=20vax+y=1nén0<t<

B

Khidé S = 16t° - 2t+ 12

. S'=32t—2;S'=O<:>t=Le O;l
16 4
1 25 1 191
e Tac6SW0)=12,S(—)=—, S(—)=—.
0) (4) (16) 16
1
e Vi S lién tuc trén [O;Z]nén:
MaXS:Ekhixzy:l
2 2
2+«/§ 2—x/§
1 Ty Ty
Min S = — khi ha .
2o ) 4B
Y 4 Y 4

Bai 3: CAO PANG KHOI A, B, D NAM 2008

Cho hai s& thuc x, y thay d6i va thda man x* + y> = 2.
Tim gid tri 16n nhat va nhd nhat cia biéu thic P = 2(x* + y°) — 3xy.

Gidai

Ta c6: P =2 +y) - 3xy = 2(x+y)(x* +y” ~xy) - 3xy

=2(x +y)(2 - xy) — 3xy.
(x+ y)2 -2

e Talaico: x2+y2:2<:>(x+y)2— 2xy=2 & xy= 5

2 2
. Dod6P=2(x+y)[2_(X+y2) 2J_3(X+yz) 2.

e Pitt=x+y.Khidot=(x+y)’< 2(x*+y)=4nénltl<2

2 2
VAP = 2{2—t : 2}—3t : 2_ —t3—%t2+6t+3 véiltl<2.

o Xét g(t)= — —%tz +6t+3 trén doan [-2; 2]

g(t)=-3-3t+6
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o 5 _ t=le[—2;2]
g =0t +t-2=0<
t:—2€[—2;2]
13

g=2)=-T,g2) =1, g(l)——

13... 1+ . 1= -3 . 1+
=? 1X= > vay

Phn=—7khix=y=-1.
Bai 4:

sz . 25 A N .z . 2 ~, 2 N ~ n X A
Tim gid tri I6n nhat va gid tri nho nhat cua ham s6 y =—— trén doan [1; e’ ]
X

Giai
2Inx. L x —1.n2
.y nx.x.x ‘nx_—1n2x+21nx
x2 x2
3
, Inx =0 x=1 [
° y:()@
Inx =2 2 ¢

<]

Tacoy(1) =0, Y(e)——,Y(e)—
e

Viy lién tuc trén [1; e*] nén

4 4 . . 9 4
max_y =max {0; = }:_2 va [m%‘ y = min {0; ==
€ 1;e (]

[l; 63] € (&

Bai 5: PE DU BI 1

2
N ~ . X cz . 2 A 2 N ~ N
Cho ham s6 f(x) = ¢* — sinx + 7 Tim gié tri nho nhat cua ham so6 f(x) va

chitng minh ring phudng trinh f(x) = 3 c6 ding hai nghiém.
Gidai

e Tipxdcdinh:D=1R
o fx)=€e"—cosx+x(1); fx)=0<e" —cosx+x=0
Nhdn xét:
— (I)c6 1 nghiémx =0
— VEtrdicta(l):y=€"—cosx+x cdy =€" +sinx+1>0
nén y tang. Do d6 (1) c6 nghiém duy nhit x = 0.
e Béng bién thién
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X | —oo 0 +00

f'x) - 0 +

f(x) | +o0 +00

Tl bang bién thién, GTNN cia f(x) bing 1.
Vi dudng thing (d): y = 3 cit dd thi ham s6 y = f(x) tai hai diém phan biét
nén phuong trinh f(x) = 3 c¢6 hai nghiém phan biét.

Bai 6:

trén doan [-1; 2].

Tim gi4 tri 16n nhat va nhd nhat clia hAm s6 y =

x2 +1

Gidi
\/x2+1—(x+1)27X
. WP+l l-x
(@) (2 )

e y=0 < x=1€[-1;2].
Ta c6: y(-1)= 0, y(2) = —=, y(1)= V2.

NG
Viy lién tuc trén [-1; 2] nén
3 3
max y =max{0; —; «/5} :«/E vamimy=min{0; —; «/5} =0
’ 55 i) &5

[-1:2]
Bai 7: CAO PANG NGUYEN TAT THANH

Tim gi4 tri 16n nh4t va nhd nhat clia hAm sd y = trén doan [-5; -3].

X+

Gidi

X% +4x

C (x+2)?

x=0¢[-5;-3]

e yY=0oxX +4x=0o
x=—4¢e[-5;—-3]

e Tacé:y(-5)= —23—5 ,y(-4)=-8, y(-3)=-9.

e Viy lién tyc trén doan [-5; —=3] nén maxy=-8, miny =-9 .
[-5:-3] [-5-3]

Bai 8: PE DUBI 1
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[-1;1].

Tim gid tri 16n nhat, gid tri nhd nhat ciia ham s8 y = x° + 4(1 — x*)° trén doan

Gidi

e Pitt=x%vi-1<x<1nén0<t<]l.

e Khiddy=t+4(1-1t==3C+12"- 12t+4= f(t) v6i 0 <t < 1.

o2 ) B t=ze[0; 1]
o f()=-9t"+24t-12; fH) =0 3

t=2¢[0; 1]
2 4
e Tacé: f(0)=4,f(-)=—,f(1)=1
3 9
e Viflién tuc trén doan [0; 1] nén

maxy =maxf(t)=4 va miny=minf(t) = ﬂ
[-L1] [0:1] [-L1]”  [o:1] 9

Bai 9:

nhd nhit cda biéu thic S = 4 + 1 )
x 4y

s L 2l a a1 5
Giad su x, y 1a hai s6 dudng thay do6i thoa man di€u kién x +y = E Tim gia tri

Gidi
Cich 1: Dang khdo sdt ham s6

5 5 5
e TacOo:x+y=—=>y=——x.Viy>0nénx< —
y 4 y 4 y 4

4 1 4 1
S=—4+—=—+
x 4y x 5-4x

g4, 4 _ 4(5x-5)(5-3x)
x> (5—4)()2 )(2(5—4)4)2

;0<x<§
4

. S'=O<:>x=1vx=é
3
e Béng bién thién

X —0o0 1

|

S' - 0 +
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e Dua vao Bang bién thién ta ¢6 Spjp = 5 khi x = 1.
Céch 2: Dung bt ding thitc Cauchy:

4 1 1 1 1 1 1 1
S=—+—=—4+—+—4+—+—255
x 4y x x x x 4y x4.4y

$> 55 1 > 5.5 _ 25 :2_5:5
XXXX4y X+Xx+x+x+4y 4x+4y 5
1
—=— x=1
Diu “=" xdy ra < R I 1
y=—
X+y=— 4
!
\/é.iysmin=5

v Vén dé 5: PIEM UGN CUA PO THI HAM &
A. PHUGNG PHAP GIAI

Ham s6'y = f(x) c6 dao ham cap hai trén mot khodng chita diém x,, f"(xo) = 0
va f"(x) ddi ddu khi x di qua X, thi diém I(xo; f(X0))1a mot diém uén clia dd thi

ham s8'y = f(x).

B. DE THI
Bail:

Chohaims6y=x"—-3mx"+9x+1 (1) (m 12 tham s9).

Tim m d€ diém udn cta db thi ham sd (1) thude dudng thingy = x + 1.

Gidi
Tacé y'=3x>—6mx +9
y'=6x—6m, y'=0 & x=m= y=-2m’+9m+ |
Suy ra diém uén I(m; —2m’ + 9m + 1)
Ta c6 I thuoc dudng thingy=x+ 1< 2m’ +9m+ 1 =m + |

&2m’-8m=0 & m=0 hay m=2 hay m=-2.

v Véin dé 6: DUGNG TIEM CAN CUA DO TH| HAM SO
A. PHUGNG PHAP GIAI

Cho ham s6 y = f(x) ¢6 d6 thi (C).

1. TIEM CAN PUNG
Pudng thing x = X, 12 tiém can ding ctia dd thi (C) néu it nhat mot trong bon
diéu kién sau dudc thda:
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lim f(x)=+00 ; lim f(x)=-c0 ; lim f(X)=+400 ; lim f(X)=—.
X—X( X—=X( x—)xg x—)xa

2. TIEM CAN NGANG
Pudng thing y = y 12 tiém cin ngang ctia d6 thi (C) néu

lim f(x)=y, hodc lim f(x)=y,
X—>+0 X—>—0

3. TIEM CAN XIEN
Pudng thing y = ax + b (a # 0) 12 tiém cin xién cla dd thi (C) néu
lim [f(x) —(ax+ b)] —0 hoic lim [f(x) —(ax+ b)] -0

X—>+00 X—>—©
Cdch khdc:
Pudng thing y = ax + b (a # 0) 12 tiém cin xién cla dd thi (C) khi va chi khi
a= lim - va b= lim [f(x) —ax]
X—>+o X X—>+00
hoic a= tim 2% va b= lim [f(x)—ax]
X—>—0 X X—>—00
B. PE THI
Bai 1: PAI HOC KHOI A NAM 2008
2 2
Cho ham 6 y = WX *OM =DX=2 ) |4 m 1a tham s6 thuc.
X+ 3m

Tim gié tri ciia m d€ géc giita hai dudng tiém cin cta dd thi (C) 1a 45°.

Gidi
6m-2

Tacod: y=mx—-2+
X+ 3m

e Khi m=— d6 thi khong c6 tiém can.

1
3
. | U TX =— . -
e Khi m# — d0 thi c6 hai tiém cin la: dp:x=-3m hay dy:x+3m=0
3 dy:y=mx-2 dy:mx-y-2=0
d; ¢6 vectd phdp tuyén n, =(1; 0), dp c6 vectd phdp tuy€n n, = (m; —1).

| a2

. Cos(dl;dz):7®|n—l|.|n—2|_ 5 2

. 1
o 2|m| =12 m2+1<:>4m2:2(m2+1) < m=1 (théa m# )

31



Hu6ng dén gidi CDBT ti cic DTQG Todn hoc —

Bai 2: CAO PANG GTVT IIl KHOI A NAM 2007

Cho ham s6 y =2~ +11 c6 db thi (C).

Tim cic diém M trén (C) c6 tdng khodng cdch dén 2 tiém cin ctia (C) bing 4.

Giai
Tacéd: lim y=—o0, lim y=+400, lim y=2.
x—1" x—1t X—>+o0
Suy ra d6 thi (C) c6 x =112 tiém can ditng va y = 2 13 tiém cin ngang.
M € (C) nén M[m; 2m+1)
m-—1

Téng khoang cich tir M dén 2 tiém cin 12
2m+1
m—1

d= |XM—1|+|yM—2| = |m—1|+
Ta c6: d=4@|m—1|+i=4 & |m-1f ~4jm-1|+3=0

|m—1|=1 m_1:i1<:>m=2\/m=ovm=4vm=_2
|m_1|:3 m-—1=%43

Viy c6 4 diém: M,(2; 5); Mx(0; —1); M3(4; 3); Mu(=2; 1).
Bai 3: CAO PANG KY THUAT CAO THANG

(*) (m 12 tham s0).

. S aA 1 N ~ m
Goi C,, 1a do thi cia hAm s6 y=—-x+m+1—
X+m

Tim m d€ tiém cin xién caa C,, di qua A(2; 0).

Giai
Khi m =0 thi (Cy): y = — x, suy ra (Cy) khdng ¢ tiém cin xién.
2
Khim=0,tacé lim =0=TiémcanxiénctaC:y= —x+m+ 1

X—>doo X + 1M
biém A(2; 0) thudc tiém cin xién cta dd thi (Cm) khi va chi khi:
0=—2+m+1<m=1 (thda dicukiénm=0)
Vay néu m = 1 thi tiém cin xién cia (Cy,) di qua diém A(2; 0)
Bai 4: CAO PANG KINH TE — KY THUAT CONG NGHIEP I

2
- +2m-—1 N .
X ZMXFIMTR 1) 6 dd thila (Cyy), m 12 tham s6.

Cho ham sy = .
mx —

X4c dinh m d€ tiém can xién clia (C,,) di qua gdc toa dd va ham s6 (1) c6 cuc tri

Gidi
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., mx? —2x —2m? +2m x l1-m? 2m°-2m?+1
Taco y' = 5 Sy=s—t——t——
(mx —1) m m m~(mx —1)

2m’® —2m? +1 _

V6i2m' - 2m’ + 120vam=0,tacé lim — 0.
x>t m(mx —1)
2
A A ea ’ N x l-m
Suy ra ti€m cén xi€n cua (C,) c6 phuong trinh y = — + 5
m m

Yéu ciu bai todn tuong duong véi

mx? —2x —2m? +2m =0 ¢6 2 nghiém phan biét

_ 1-m?

In2

0

2m> —2m2 +1£0Am =0

A'=2m’> —2m? +1>0

< sm==1 <m=1

2m’ —2m% +120Am#0

v' Vin dé 7:
KHAO SAT SU BIEN THIEN VA VE PO THI HAM SO
A. PHUGNG PHAP GIAI

1. Kh3o sét sy bién thién va vé dd thi clia ham s6 y = f(x)
e Tap xdc dinh clia ham s6.
e Su bién thién:
+ Chiéu bién thién:
Tinh dao ham cap 1 va tim nghiém ctia dao ham (néu c6).
K&t luan tinh don diéu ctia ham s&.
+ Cuyec tri cda ham s6.
+ Gidi han cia ham s& va dudng tiém cin (néu c6) clia do thi ham sd.
e Lap bang bién thién.
e V& do thi.

B. DE THI
Bai 1: PAI HOC KHOI D NAM 2010

Khéo sét sy bi&n thién va v& dd thi (C) ca ham s6y = —x* - x> + 6

Gidi
e Tapxdcdinh: D =R.
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Sy bién thién:

+ Chiéu bién thién: 6

Paoham: y'=-4x’ - 2x, y'=0<x=0.
Ham sd dong bién trén khodng (—oo; 0)

va nghich bién trén khodng (0; +o0)

hy

+ Cuyc tri:
Ham s& dat cuc daitaix =0, ycp = 6 )
+ Gidi han: lim y=—o0
X—>to0

Bé4ng bién thién 1

X | —0 0 +00

y' + 0 -

y 6

. / \w

P4 thi: (C) cit Ox tai hai diém A(\/E; 0), B (—ﬁ; o).

Bai 2 : PAI HOC KHOI D NAM 2009

. . CA N~ aA 1. N ~ 4 2
Khdo sét sy bién thién va v€ do thi cla ham sd y = x™ — 2x

Giai
Tap xdc dinh: D= R.
Su bién thién:
+ Chiéu bién thién:
bao ham: y':4x3—4x;y'=0<:>x=0vx:i1.
Ham sd dong bién trén (—1; 0) va (1; +o0)
Ham s6 nghich bién trén (—oo; —1) va (0; 1).
+ Cuc tri:
Ham s6 dat cuc dai tai x =0, ycp = 0
Ham s6 dat cyc tiéu tai x = +1, yor = —1.

+ Gidi han: lim y =+
X—>to0

Bé4ng bién thién:

X | —o0 -1 0 1 +00

y' 0 + 0 - 0 +

34
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D6 thi: Giao diém ctda db thi vdi truc hoanh 1a (0; 0); (i\/g ; 0)
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=Y

Bai 3: PAI HOC KHOI B NAM 2008

Kh4o sdt sy bién thién va v& dd thi ca ham s8 y = 4x° — 6x” + 1.

Gidi
e Téapxdcdinh:D=R.
o Su bién thién:
+ Chiéu bién thién:

Baohém:y'=12x2—12x;y‘=0<:>x2—x=0<:>|:
X =

Ham s& dong bién trén (—oo; 0) va (1; +00); ham s8 nghich bién trén (0; 1)
+ Cuc tri: Ham s& dat cuc daitai x =0, ycp = 1
Ham s6 dat cuc tiéu tai x = 1, yer = -1
+ Gi6ihan: lim y=—o0 VA lim y =+o0 "
X—>—00 X—>+00

e Béng bién thién:

1

X | —oo 0 1 +00 /\

y' + 0 - 0 4+ o >
I

1 + \'/
Y / \—\1/ * A==
—00 —
e Db thi

Bai 4: DPAI HOC KHOI B NAM 2007

Kh4o sdt su bién thién va vé do thi ctia ham s6'y = — x° + 3x” — 4.

Gidai
e Tapxdcdinh: D=R
e Sy bién thién:

+ Chiéu bién thién:
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Pao ham: y' = -3x” + 6x,y' =0 < x =0 hoiic x =2

Ham s& déng bién trén (0; 2), him s& nghich bién trén (—oo; 0) va (2; +00)

+ Cuc tri: Him s& dat cyc daitai x =2, ycp =0

9 L2 . A
Ham s6 dat cyc ti€u tai x =0, ycr =4 Y
+ Gidihan: lim y=+c va lim y=-—0
X—>—00 X—>+00
e Bdng bién thién k 2 N
X | —o0 0 2 +00 0 X
y' - 0 + 0 -
+00 0
y \_4 / \ B
e DO thi: -4
Bai 5: PAI HOC KHOI D NAM 2007
. N . » 2 N
Khao sét sy bién thién va vé dd thi (C) ctia ham s§ y = —Xl da cho.
X+
Gidi
o Tapxdcdinh: D=R\{-1}.
o Su bién thién:
+ Chidu bi€n thién: Ty
bao ham: y' = 5>0,vxeD.
x+1)
Ham s6 di cho dong bién trén )
mdi khodng (—o0; —1) va (=1; +00).
+ Ham sd da cho khdng c6 cyc tri.
e Gidi han va tiém can: 11 /o X
lim y=-oc0; lim y=+c0
x——1" x—>—1"

= Tiém cin ding x = —1.

lim y=2= Tiém canngangy =2.
X—>Fo0

e Béng bién thién:
X |- -1 +00

]

y + +

2
y 2/>+oo B /

e D0 thi: (hinh trén)
Bai 6:

Khdo sdt sy bi€n thién va v& dd thi cia ham s6 y = x° — 3x” + 3x + 1.
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Gidi
e Tépxdcdinh: D=R
¢ Su bién thién:
+ Chiéu bién thién:
Pao ham: y' = 3x’— 6x + 3, y' =0 c6 nghiém kép x = 1
nény'> 0, Vxe D. yA
Ham s& dong bién trén (—oo; +0).
+ Cuc tri: Ham s8 khong c¢6 cuc tri.
+ Gidihan: lim y=—0 va lim y=+0

X—>—00 X—>+00 3

e Bdng bién thién )
X | —© 1 400

y' + 0 + !

=Y

Y_OO/

e D0 thi: (hinh bén)

Bai 7:
Kh4o sdt sy bién thién va v& dd thi ctia ham s8 y = — X° + 3x” — 4x + 2.
Gidi
e Tapxdcdinh: D=R A

Su bién thién:
+ Chiéu bién thién:
bao ham: y' = —3x% + 6x — 4, va y' <0, Vxe D.
Ham s6 nghich bié&n trén (—oo; +00). 2 \
1

+ Cuc tri: Ham s8 khong ¢6 cuc tri.

+ Gi6ihan: lim y=+c va lim y=-—0
X—>—%0 X—>+%0 o)

Y

Bédng bién thién

X | =0 +00 2t+---
y -
+00
y . T -
o D thi: (hinh bén)
Bai 8:
—_— 2 —_—
Khéo sat su bién thién va v& db thi ham s8 y = %3"1)3 .
-

Giadi
e Tapxdcdinh:D= R\ {1}
¢ Su bién thién:
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+ Chiéu bién thién:

—x% +2x
2(x—17
Ham s& déng bién trén khodng (0; 1) va (1;2)
Ham s& nghich bié€n trén khodng (—o0; 0) va (2; +00)

Pao ham: y'= y=0 & x=0, x=2

. s e . 1
+ Cuyctri: Him sd datcuc daitaix =2, ycp = 3

Lo 3
Ham s dat cyc ti€u tai x =0, ycr = E .

e Gidi han va tiém can:
+ lim y =+4o00; lim y =—0 = x =1 1a phuong trinh ti€m cin ding.
- x—1+

1 1 <1 1
+y=——x+1- va lim =
2 2(x=1) x>0 2(x-1)

x—1

X A A
=>y= 5 + 1 Ia phuong trinh tiém can xién.

e Bdng bién thién

X | —0 1 1 2 +00
y' - 0 + 0 + 0 —
y | +o0 +00 _l
2 —00 —00
e Do thi y

-

v Vin dé 8:
DUNG PO THI BIEN LUAN SO NGHIEM CUA PHUGNG TRINH
A. PHUGNG PHAP GIAI

e Bién ddi phuong trinh da cho g(x, m) = 0 vé& dang f(x) = h(m) (¥).
e Trong d6 dd thi (C) ctia ham s8 y = f(x) dd dugc vé trong ciu hdi trudc do.
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Xem dudng thing d: y = h(m) 1a dudng thdng cling phuong vdi truc hoanh.
Do d6 phuong trinh (*) 12 phuong trinh hoanh do giao diém ctia d6 thi (C)
va dudng thing d.
e S8 di€ém chung ctia dd thi (C) va dudng thing d chinh bing s6 nghiém clia
phuong trinh da cho.

B. DE THI
Bai1: Df‘: DU BI 1 - PAI HOC KH61 A NAM 2006
2
1/ Khao sit sy bién thién va vé& d6 thi (C) ham s8: y = szl-’-s
X+

2/ Dua vao db thi (C), im m d€ phuong trinh: x* + 2x + 5= (m” + 2m + 5) (x + 1)
c6 hai nghiém duong phan biét.

Gidi
1/ o Tép xdcdinh D= R\ {-1},
o Su bién thién:
+ Chiéu bién thién:
X2 +2x-3

Pao ham: y'= 5
(x+1)

,y=0<x=1hayx=-3

Ham s& dong bién trén khodng (—o0; —3) va (1; +o0)
Ham s& nghich bién trén khodng (-3; —1) va (-1; 1)
+ Cuc tri:
Ham s6 dat cuc dai tai x = -3, ycp = —4
Ham s6 dat cuc tiéu tai x = 1, yer = 4.
e Gidi han va tiém cén:
+ lim y=-o; lim y=+00 = x =-11a phudng trinh ti€m cin ding.

x——1" x——1+

va lim =0

+y=x+1+
x+1 x—%0o X + 1

=y =X+ 1 1a phuong trinh tiém cin xién.

e Béng bién thién:

X | —o0 -3 -1

y' + 0 - - 0 +

y —4 +00 +00
B OO/ \_OO \ . /

e Do thi
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2/ Tacé: x> +2x+5=(m*+2m+5)(x + 1)

x> 4+2x+5
x+1
(vix>0nénx+1=0)
Goi d 1a dudng thing c6 phuong trinh :
y= m® +2m + 5.
Suy ra phuong trinh (*) 12 phuong trinh hoanh d6 giao diém cia (C) va d.
Do d6: Phuong trinh (*) ¢6 hai nghiém duong
<> d cdt phan db thi (C) tng vdi x > 0 tai 2 diém

m?+2m+1>0 {mi—l
=

=m?+2m+5. (%)

S4<m’+2m+5<5e
—2<m<0

m? +2m <0

Bai 2: PE DU BI 1 - PAI HOC KHOI B NAM 2005

1/ Khdo sdt sy bién thién va v& dd thi (C) clia hAm s6y = x* — 6x° + 5

2/ Tim m dé phuong trinh sau c6 4 nghiém phan biét: x* — 6x> — log,m = 0.

Giai
1/ o« Téipxdcdinh:D=R.
o Sy bién thién:

+ Chiéu bién thién:
Pao ham: y' = 4x” — 12x; y'zO(:)x:va:i\/’g7
Ham s& dong bién trén khodng (—/3 ; 0) va (3 ; +00)
Ham s nghich bi€n trén khodng (—o0; —3) va (0; \f3)

+ Cuc tri:
Ham s6 dat cuc dai taix =0, ycp = 5
Ham s& dat cuc tiéu tai x =43, yor = —4.

+ Gi6i han: lim y=+00
X—>F0

e Bdng bién thién:

X | —o0 _\/§ 0 J§ +00

y' - o + 0 - 0 +

y | +© \_4 / 5 \ D / +00
e Db thi Y
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2/ Tacéx*—6x*— logom =0 < x4 —6x? +5=logym+5 (*)
Goi d 1a dudng thing c6 phuong trinh y = log, m+35.
Suy ra phuong trinh (*) 12 phuong trinh hoanh d6 giao diém ctia (C) va d.
Do d6: Phuong trinh (*) c6 4 nghiém < d va (C) c6 4 di€ém chung
@—4<log2m+5<5®—9<log2m<0<:>2’9 <m<l.
Bai 3:

Cho ham s8'y = —x + 3x” (1)
1/ Kh3o sit sy bién thién va vé db thi ham s6 (1).
2/ Tim k d€ phuong trinh —x’ + 3x” + k” — 3k” = 0 ¢6 3 nghiém phén biét.

Giai
1/ o« Téipxdcdinh:D=R.
o Sy bién thién:

+ Chiéu bién thién:
Baohém:y'=—3x2+6x,y'=0 &x=0, x=2.
Ham s dong bién trén khodng (0; 2)
Ham s& nghich bi€n trén khodng (—o0; 0) va (2; +0) y

+ Cuc tri:
Ham s6 dat cuc dai tai x =2, ycp = 4
Ham s6 dat cuc ti€u tai x = 0, yer = 0.

+ Gibdihan: lim y=+400 va lim y=-00

U

X—>—00 X—>+00
. Bé4ng bién thién :
X | —o0 0 2 +00 )
y' -0 + 0 -
y | +o0 4
\ 0 / \_OO

e D6 thi (hinh bén)

2/ Taco: X" +3x°+k’-3k’=0 < x> +3x°=—k’ +3k> (%)
Goi (C) 12 dd thi ham s6'y = —x” + 3x” va dudng thing d: y = — k’ + 3k°.
Suy ra phuong trinh (*) 12 phuong trinh hoanh d6 giao diém ciia (C) va d.
Do d6: Phuong trinh (*) c6 3 nghi€m phén biét
< Pudng thing d va dd thi (C) c6 3 diém chung
<0<k +3k% <4

2
{k3—3k2<0 k* (k- 3)<0 {—1<k<3
= =

K- 3k*+4>0 (k_z)z(k+1)>0 k=0, k = 2
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Bai 4: PE DU BI 2

2
. -2x+1
Cho ham sd y = X x4l (D
)

1/ Kh3o sdt sy bién thién va vé dd thi ham sd (1).

> 1/ 2 ? 2
2/ Tim a d€ phuong trinh sau ¢6 nghiém: 9™V —(a+2).3"V1"" 123 4+1=0

Giai
1/ « Tip xdc dinh D=R\{2}.
¢ Su bién thién:
+ Chiéu bién thién:
X2 —4x+3
(x-2)°
Ham s déng bi€n trén khodng (—oo; 1) va (3; +00)
Ham s6 nghich bién trén khodng (1; 2) va (2; 3)
+ Cuc tri:

Pao ham: y' = ,y'=0<:>x2—4x+3=0<:>[

X =

Ham sd dat cuc daitaix =1, ycp =0

Ham s6 dat cuc tiéu tai x = 3, yor = 4.
Gidi han va tiém cén.
va lim — oo (X =2 1a phuong trinh tiém can ditng.)

+ty=x+
x—2 x>2X—2

va lim
x—2 X—>300 X —

( Béng bién thién )

+y=x+ =0 = y =x la phuong trinh tiém cén xién.

X | -0 1 2 3 +00
Y| 40 + 0 - - 0 +
Yy 0 +00 +00
e Db thi y

2/ Pidukién: 1 - >0 -1<t< 1.

]—):?1tu=31+“_t2 . M

2
Tacéd: 1< 1+41-t? <2 3L <3V 32 // 2
Nghia la: 3< u <9.

Phuong trinh da cho trg thanh:
42
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2_
uz—(a+2)u+2a+1=0 <:>u2—2u+l:a(u—2)<:>u—2;+1=a )
. N N . u?—2u+l
Goi (C') 1a mot phan do thi ham s6 y =—2 (da ducc vé trong céu 1)

gi6i han trén doan [3; 9] va dudng thing d: y = a.
Suy ra phuong trinh (*) 12 phuong trinh hoinh d6 giao diém ciia (C') va d.
Do d6 Phuong trinh da cho ¢6 nghiém khi va chi khi
(2) c6 nghiém u &[3; 9] < Pudng cong (C') va dudng thing d ¢6 di€ém chung
S4<m< ﬁ
7
Bai 5: PE DU B] 2
Cho ham s6'y = (x — 1)’ = 3x (m 12 tham s8)
1/ Khao sit sy bié€n thién va vé& d6 thi ham s6 di cho.

|x—1|3 -3x-k=0
2/ Tim k dé hé sau c6 nghiém

1 3
Zlog, x> +=log, (x =1} <1
7 08t T3 & (x-1)

Giai
1 o Tipxdcdinh:D=R.
o Su bién thién:

+ Chiéu bién thién:
Daohém:y'=3x2 -6x, y=0&x=0, x=2.
Ham s& déng bi€n trén khodng (—oo; 0) va (2; +00)
Ham s6 nghich bién trén khoang (0; 2)

+ Cuyc tri:
Ham s6 dat cuc dai tai x = 0, ycp = —1
Ham s6 dat cuc tiéu tai x = 2, yer = —5.

+ Gidi han: lim y=—-00 va lim y=+c0
X—>»—00 X—>+00

e Bdng bién thién

X | —o0 0 2 +00
y' + 0 - 0 +
P \_5/
o Db thi -1 )1 |

—— -
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x—1>0

1 1 3
2/ o Tacé: —log,x” +=log,(x—-1) <l <
2 %2 3 52 ( ) {log2 x +log, (x - 1) <1

x>1 x>1 x>1
& & = Sl<x<L2
log, x(x—1)<1 7 |x(x=1)<2 7 |1<x<2

e Véil<x<2tacd X—1|3—3x—k=0<:>(x— 1)’ = 3x =k (%)

Goi (C') 12 mot phin db thi ham s8 y = (x — 1)3 — 3x dugc gidi han trén nita
khodng (1; 2] va dudng thing d: y = k.

Suy ra phuong trinh (*) 12 phuong trinh hoanh d6 giao diém ctia (C') va d.
Do d6: Hé ¢6 nghiém <> Phudng trinh (*) ¢6 nghiém x e(1; 2]
< Pudng thing d va dd thi (C') ¢6 di€ém chung
& -5<k<3
v Vén dé 9:
PO THI CUA HAM SO CHUA DAU GIA TRI TUYET BOI
A. PHUONG PHAP GIAI

Cho ham s8 y = f(x) c6 dd thi (C).
1. V&5 thi (Cp; y1 = [fx) ]
) {y néu f(x)>0
Taco:y, = .,
—ynéu f(x) <0

Viy, >0 nén (C)) & phia trén truc Ox. P4 thi (C)) tir d6 thi (C) biing cich:

— Phan (C) § phia trén Ox giff nguyén.

— B& phan ctia (C) & phia dudi Ox va 14y phin ddi xiing clia phan ndy qua
truc Ox.
2. V& dé thi (C,) ctia ham s6: y; = f(|x |) (v6i D 1a tap xdc dinh di xtng)

Ta c6: f( x| ) =1( x| ): day 1a ham sd chdn nén d6 thi (C;) nhian Oy lam truc
déi xing

D6 thi (C)) suy tir dd thi (C) bing cdch:

— Phan cda (C) bén phdi truc Oy giff nguyén.

— B phan ctia (C) bén trdi Oy va 18y phan ddi xiing cda phin bén phai cla
(C) qua truc Oy.
3. V& dudng cong (Cy); |y1|=f(x)

e Néuy,; >0thiy, =f(x): (C;)=(C) & trén truc Ox.

e Neéuy,; <0 thiy, =—f(x): (C,) déi xing ctia (C) & trén truc Ox qua OxX.

D6 thi (C,) suy tir dd thi (C) bing cdch:
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— Phan cla (C) & phia trén Ox giit nguyén.
— B4 phan clia (C) & dudi Ox va 14y phan ddi xing clia (C) & trén truc Ox qua

truc Ox.
y
(&h ©ecy © Y ©of ©
// O X ’I// «
/,’ ’/ O X
1 (O)
1 (C)
D6 thi ham s6'y, = f( | x |)

D6 thi ham 6y, = | f(x) |
y (C
J(co
/(©) \(Cl)

Dbudng |y1 |= f(x)

4. Cho hamsd'y = (l;((x)) ¢6 dé thi (C)
X

a. Vé (Cl): Yi= %

P() néu Q(x) >0
Ta c6: Q)
acod: y =
_Px) néu Q(x) <0
Q(x)
D6 thi (C,) suy ra tir d6 thi (C) biing céch:

— Phan cda (C) d mién Q(x) > 0 giif nguyén
— B& phin ciia (C) 8 mién Q(x) < 0 va 1y phan ddi xiing clia phan nay qua

truc Ox.
_ [P

b. Vé (Cl): Yi= Q(X)
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P(x)

Tacéd: y = Q)
_Px)

Q(x)

D6 thi (C,) suy ra tir d6 thi (C) biing cich:

— Phan cda (C) d mién P(x) > 0 giif nguyén

néu P(x) >0

néu P(x) <0

— B& phin cda (C) § mién P(x) < 0 va 14y phan d6i xing clia phian niy qua
truc Ox.
Chii §:

Dang todn nay thudng di kém vé6i bién luin s6 nghiém cda phuong trinh c6

chita dau tri tuyét doi.

B. DE THI
Bai 1: PAI HOC KHOI B NAM 2009

Chohams6'y =2x* —4x> (1)
1/ Kh3o sét sy bién thién va vé d6 thi ctia ham s6 (1).
2/ Vi cdc gia tri nao clia m, phuong trinh x? ‘x2 —2‘ =m c6 diung 6 nghi€ém

thyc phan biét?

Giai
1/ o Tapxdcdinh:D=R.
e Su bién thién:

+ Chiéu bién thién:
Pao ham:y'=8x" - 8x;y'=0 < x =0hoicx = *I
Ham s6 dong bi€n trén khodng (—1; 0) va (1; +00)
Ham s6 nghich bién trén khodng (—o0; —1) va (0; 1) .

+ Cuyc tri:
Ham s6 dat cuc dai tai x =0, ycp =0
Ham s6 dat cuc tiu tai x =+ 1, yor = -2.

+ Gidihan: lim y=+00
X—>too

e Bdéng bién thién:

X | —o0 -1 0 1 +00
y' - 0 + 0 - 0 +
y | 40 0 \ +00
\ . / N
e Do thi:
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O 1
N/

[\ I ——
\ Ao

2/ xz‘x2 —2‘:m<:>‘2x4 —4x2‘:2m

S6 nghiém cta phuong trinh di cho bing s6 giao diém cla dd thi ham s

y= ‘2)(4 —4x2‘ v6i dudng thing d: y = 2m.

Tir db thi clia ham s& d cho, ta suy ra do thi (C)):y = ‘2x4 — 4x2‘ dudc vé& nhu sau:

— Phan (C) & phia trén Ox giit nguyén.

— B& phan clia (C) & phia dudi truc Ox
va 14y phin bd nay ddi xtiing qua truc OX.

Tl dd thi (C,): suy ra phuong trinh da cho
¢6 6 nghiém phén biét khi va chi khi:

d cdt (C)) tai 6 diém phan biét

A

Y

S 0<2m<2<<0<m< 1.

Bai 2: PAI HOC KHOI A NAM 2006

1/ Khao sdt sy bién thién va v& db thi cia ham s6: y = 2x° — 9x” + 12x — 4.

2/ Tim m d€ phudng trinh sau c6 6 nghiém phan biét: 2|x|3 —9x% + 12|x| =m.

Giai
1/ o Tapxdcdinh: D=R.
¢ Su bién thién:

+ Chiéu bién thién:
Paoham:y'=6(x*—3x+2), y=0&x=1,x=2.
Ham s6 dong bi€n trén khodng (—o0; 1) va (2; +00)
Ham s6 nghich bién trén khodng (1; 2)

+ Cuc tri:
Ham s6 dat cuc daitaix =1, ycp = 1

Ham s6 dat cuc tiéu tai x =2, yer = 0.

©)
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+ Gidihan: lim y=—oc va lim y=+o
X—>—00 X—>+00

e Bdng bién thién:

X | —o0 1 2 + 00

'

y + 0o - 0 +

y 1 + ©
Cw / \ 0 /
e Do thi: (hinh bén)
2/ Phuong trinh da cho tuong duong véi 2|x° —9|x|* +12|x|-4=m—4.

S& nghiém clia phuong trinh di cho bing s6 giao di€m clia db thi ham s&
y= 2|x|3 —9|x|2 +12[x|—4 v6i dudng thing d: y =m — 4.

Ham 56’y = 2[x| =9|x|> +12[x| =4 1a ham Ny
chin, nén d6 thi nhan Oy lam truc ddi xing. c
T db thi cia ham s& di cho ta suy ra do

thi (C"): y = 2|x]’ —9x2 +12|x| -4

4.
. ! ! =m-—4
— Phan cda (C) bén phai truc Oy gitt \//;\\ /7;\\/ .

nguyén. -2 -1 I 2 X
— B6 phan ctia (C) bén trai Oy va ldy

phan git nguyén d6i xting qua truc Oy
Tur @6 thi (C'): suy ra phuong trinh da

cho c6 6 nghi€ém phan biét khi va chi khi:
d cdt (C') tai 6 diém phan biét -
&0<m-4<1 & 4<m<5.

Bai 3: PE DU BI 2 - PAI HOC KHOI D NAM 2005

2

1/ Khdo st su bién thién va vé& do thi cfia him 6 y = L3"1+3 .

X +
. X2 +3x+3 . .
2/ Tim m dé€ phuong trinh W =m c6 4 nghiém phan biét.
X +
Giai
2
Vy= XT+3x+3 (©)
x+1

e TiapxdcdinhD=R \{-1}
¢ Su bién thién:
+ Chiéu bién thién:
X2 +2x

> y=0x=0vx=-2.
(x+1

Pao ham: y'=
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Ham s6 ddng bi€n trén khodng (—o0; —2) va (0; +00)
Ham s& nghich bién trén khodng (-2; —1) va (-1; 0)
+ Cuc tri:
Ham s6 dat cuc dai tai x = -2, ycp = —1
Ham s6 dat cuc ti€u tai x = 0, yor = 3.
e Gidi han va tiém cén:
+ lim y=-o0; lim y=+400 = x =-11a phuong trinh tiém cin ding.

x——1" X——1+

va lim

+y=x+2+
x+1 x—10 X + 1

=0 = y =x+2 la phuong trinh tiém cin xién

e Bdng bién thién:

X | —o© -2 -1 0 +00
y' + 0 - - 0 +
-1 +00 +00
\3/
/2
-2/] |o
/ T
/\ D6 thi (C)
. X2 +3x+3 +3x+3
2/ Taco: (Cy):y oo I — |
y

i

:\w/

v6i dudng thing d: y = m.

S6 nghiém ctia phuong trinh da cho bing s&
giao diém ctda dd thi ham s6 y = X+ X H3x+3
Cox+l
_2\

Tir d6 thi ctia ham s6 di cho, ta suy ra

2
dod thi (C)): y= LM dugc v€ nhu sau : Pé thi (C))

— Phin (C) & phia trén Ox giif nguyén.
— B phin ctia (C) & phia du6i truc Ox va 14y phan bé nay ddi xiing qua truc Ox
Tur d6 thi (C)): suy ra phuong trinh da cho ¢6 4 nghiém phan biét khi va chi khi:
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d cit (C)) tai 4 diém phan biét < m > 3.
Bai 4: PE DU BI 1

2
2 < [P EON N o~ 3A [T ~ 2X° —4x -3
1/ Khao sét sy bi€n thién va v& d6 thi ham sd y =

2(x—1)

2/ Tim m d€ phuong trinh 2x*—4x -3 +2m |x — 1] =0 c6 2 nghiém phan biét.

Giai
1/ o TapxdcdinhD=R \{1}
e Sy bién thién:

+ Chiéu bién thién:
2
Pao ham: y'= 2xT —Ax+7 er 7
2(x — 1)
Ham s6 ddng bi€n trén khodng (—oo; 1) va (1; +00)

N N A 2 PN LR
+ Ham s6 khong c¢6 cuc dai va cuc ti€u
Gi6i han va tiém can:

>0,vxeD

+ lim y =+4o0; lim y =—0 = x =1 la phuong trinh ti€m cin ddng.
x—=1" x—1+
5 s g 5
+y=x—-1-——— va lim
(x=1)  xo=2(x—1)
y
=y =x — 1 1a phuong trinh ti€ém cin xién.
e Baéng bién thién 2-J10 3
X | =0 1 +00 > /|2 X
y' 4 4 o1 [2+410
y /+OO / 400 2
—o0 —o0
e Do thi
2/ Do x =1 khdng la nghiém phudng trinh da cho nén Db thi (C)
2x*—4x -3 +2mlx—1]=0 '
2x% —4x —
o= y
2[x 1|
S6 nghiém ctia phuong trinh di cho bing s6
, . . oxP—dx-
giao diém cda do6 thi ham sd y = X x=3 X
2[x =1 1 >
v6i dudng thing d: y = — m.

0
3\
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Tir d6 thi ctia ham s6 di cho, ta suy ra
2x% —4x -3

dd thi (Cy):y = FIe]

duge vé nhu sau:

e Phan x > 1 gilt nguyén dd thi (C)
e Phan x < 1 14y dd thi (C) ddi xtiing qua Ox
e (C)) 12 hdp clia hai phan trén
Tir @ thi (C,): suy ra phuong trinh di cho c6
2 nghiém phan biét khi va chi khi:
d cit (C)) tai 2 diém phan biét < meR.

v Vén dé 10: TIEP TUYEN CUA DO THI HAM SO
A. PHUONG PHAP GIAl
Cho ham s8 'y = f(x) c6 dd thi la (C).
Dang 1 : Ti€p tuyén ctia db thi (C) tai diém M(xX; yo)€ (C) c6 phuong trinh
Yy —Yo=f(Xo)(X = X0) (¥)
Dang 2 : Ti€p tuyén ctia d6 thi (C) ¢6 hé s6 géc k cho trudc.
e Goi M(xo; yo)€ (C) 1a ti&p diém.

e Tiép tuyé&n cé hé s6 géc k < £(x9) =k (1).

e Giai phuong trinh (1), tim dugc hoanh do tiép diém x,.

e Tung do ti€p diém: y, = f(xo).

e Phuong trinh ti€p tuyén ctia dd thi (C) c¢6 hé sd géc k cho trude duge
xdc dinh bing cédch thay céc gid tri xo, yo va f'(xo) = k vao phuong trinh (*) clia
dang 1.

+ Chii y: Hé sb goc k cia tiép tuyé&n c6 thé dugc cho thong qua dusi dang:
— Tiép tuyén clia (C) vudng géc véi dudng thing d: y =ax + b (a #0)

= f'(Xo) = —l.
a

— Tiép tuyén clia (C) cing phuong véi dudng thing d: y =ax + b
< (X)) = a.
— Tié€p tuyén cla (C) song song v6i dudng thing d: y = ax + b
= f(x0) = a. Sau d6 kiém tra lai néu ti€p tuyé&n nao tring véi dudng thing
d thi loai ti€p tuyé&n d6. (Do vy ta chi dung ki tw =)
Dang 3: Ti€p tuyén ciia do thi (C) di qua diém M(xy; yo)
THI: Xétx =xg ¢6 12 ti€p tu€yn khong
TH2: Tié€p tuyén c6 hé s6 géc k tiy ¥

e Goi k 1a hé s6 géc cia ti€p tuyén d di qua M.
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Phuong trinh d c6 dang: y — yo = k(x — X¢) © y = kx — kx¢ + yo.

o Dudng thing d ti€p xic vé6i d6 thi (C) khi va chi khi hé phuong trinh sau
c6 nghi€ém {f(x) =k = kxo +y

f'(x)=k )

e Thé& (2) vao (1) d€ tim hoanh d6 ti€p di€m x. Th& hoanh do ti€p di€m x
vio phuong trinh (2) d€ tim hé s6 géc k cilia ti€p tuyén.

+ Chii y : Khi th€ (2) vao (1) gia st thu dudc phuong trinh 4n s 14 x va dudgc ki
hiéu 1a (*).

Thong thudng phuong trinh (*) ¢6 bao nhiéu nghiém x thi qua di€m M c6
bAy nhiéu ti€p tuyén dén d6 thi (C). Tir d6 ta gidi quyét dugc bai todn “Tim diéu
kién dé qua diém M c6 thé vé dugc dén do thi (C) n tiép tuyén”

Dang 4 : Cho hai d6 thi (C)): y = f(x) v (Cy): y = g(x).
(C)) ti€p xic v6i (C,) khi va chi khi hé phuong trinh sau c6 nghiém

{f(x) =g(x)
f'(x)=g'(x)

B. DE THI
Bai 1: PAI HOC KHOI A NAM 2011

-’ - + 1 kS . . 2
Cho ham sb y :—ZX 1 Chitng minh rang v6i moi m dudng thang y = X + m
X —
ludn cit db thi (C) tai hai diém phan biét A va B. Goi kj, k, 14n lugt 13 hé s& géc
clia céc ti€p tuyén vdi (C) tai A va B . Tim m d€ tdng k, + k, dat gid tri I6n nhat.
Gidi

Phuong trinh hoanh d6 giao diém clia (C) va dudng thing d: y =x + m

—x+1
2x -1

1
=x+m<<-x+1=2x- 1) +m) (ViX=E khoéng 1a nghiém)

<2x"+2mx - (m+1)=0 (1)
Phuong triinh (1) c6 A'=m’* +2m+2=(m+ 1)*+ 1 >0, YmeR
Suy ra phuong trinh (1) ludn c¢6 hai nghiém phan biét nén d ludn cit (C) tai hai
di€ém phan biét A, B.
Hoanh do ti€p diém A va B 1a x; va x, 1a nghiém cla phudng trinh (1) nén theo
c m+1

. . b
dinh ly Viétta c6: X, +X, =——=-m va X .X, =—=—
a a 2

Theo ¥ nghia hinh hoc clia dao ham ta c6:
, , 1 1
ki +k, =y'x)+y'(x,)=- > >
(2x,-1)" (2x,-1)
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(2 1) (20, 1) 4(X12+X§)—4(X1 +X,)+2
(2)(1 —1)2 (2)(2 —1)2 [4)(1)(2 —2()(1 +x2)+1]2

4();1 +x2)2 —8%,.X, —4(){1 +x2)+2

[4){1)(2 —Z(Xl +x2)+1]2

2 m+1
4(-m) _8(_ 2 ]_4(_m)+2 _4m’ +4m+4+4m+2

{4{_m2+1}2(—m)+1}2 [om-2+2m+1]

=—(4m2+8m+6)=—4(m+1)2—23—2

Do d6 k; + k; dat gid tri 16n nhat biing — 2 khi va chi khim =—1 .
Vay khi m = —1 thi k; + k, dat gid tri 16n nhat.
Bai 2: CAO DANG KHOI A, B, D NAM 2011

Cho ham s y:—%x3 +2x% —3x+1

Viét phuong trinh ti€p tuyén ciia d6 thi (C) tai giao diém cia (C) véi truc tung.

Gidi
Giao diém (C) va truc tung: A(0; 1)
y =X +4x-3=y'(0)=-3
Phuong trinh tiép tuyén clia (C) tai Aty — 1 =-3 (x—0) < y=-3x+ 1
Bai 3: CAO PANG KHOI A, B, D NAM 2010

Viét phuong trinh tiép tuyén ciia do thi (C) ctia ham s6 y = x° + 3x” — 1 tai

diém c6 hoanh do bing —1.

Giai
Goi A 1a diém trén (C) c6 hoanh d6 x = —1 = tung do diém A biing 1
Hé sd géc clia ti€p tuyén tai Ala y'(-1) =-3
Vay phuong trinh ti&p tuyén clia dd thi (C) tai diém A:
d:y—-1=-3x + H)eoy=-3x-2.
Bai 4: DA HOC KHOI D NAM 2010

Cho ham s6'y = —x" — x” + 6 clia dd thi (C).
Viét phuong trinh ti€p tuyén ctia dd thi (C), biét ti€p tuyén vudng géc vdi

dudng thing y = éx -1.

Gidi
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Tap xdcdinh: D=R; y'=— 4x% - 2x .
Cdch 1:

Tiép tuyén A vudng géc d: y = %x —1nén phuong trinh A ¢6 dang y = — 6x + b.

4 2
. X —X"4+6=—0x+Db =1
A tiép xic (C) < Hé sau c¢6 nghi€ém: o X <:>{X .
—4x3 —2x=—6 b=10
Vay ti€p tuyén A c6 phuong trinh y = — 6x + 10.
Cdch 2:
Goi M(xo; yo)€ (C) 1a ti€p diém

Tiép tuyén A vudng géc d:y = %x -1

& f(x)=—4x) —2x9=—6 & x=1=y,=4

Viy tiép tuyén A c6 phuong trinh: y —4 = —6(x — 1) <y = — 6x + 10.
Bai 5: PAI HOC KHOI A NAM 2009
X+2

1).

2x+3 M

Viét phuong trinh tiép tuyén ctia d6 thi ham s6 (1), biét ti€p tuyén d6 cit truc
hoanh, truc tung 1an lugt tai hai diém phan biét A, B va tam gidc OAB cin tai goc
toa do O.

Cho ham sd y =

Gidi
A 3 . -1
e Tipxdcdinh: D=R\{—=;, y'= — 5 <0,VxeD.
2 (2x +3)
Tam gidc OAB vudng can tai O, suy ra hé s6 géc ti€p tuyén bing +1.
Goi toa dd ti€p diém 12 (xo; Yo), ta c6:
1

—5 =1 Xxp=-2 hoacxy=-1.
(2x0 + 3)

e Xg=-1,yo=1; phuong trinh ti€p tuyén y = — x (loai vi ti€p tuyén di qua gdc
toa dod).

e Xo=-2,yo=0; phuong trinh ti€p tuyén y = — x — 2 (thda man).

Vay ti€p tuyén can tim c6 phuong trinh y = — x — 2.

Bai 6: DPAI HOC KHOI B NAM 2008

Cho ham s6'y = 4x° — 6x” + 1 (1)
Viét phuong trinh ti€p tuyén ctia dd thi ham s& (1), bi€t ring ti€p tuyé&n d6 di
qua diém M(-1; -9).

Gidi
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Nhan thiy dudng thing x = —1 khong 13 ti€p tuyén ctia d6 thi ham sd (1)
e Goi A la dudng thazlng qua M(—1;9) c6 hé s6 gock = Ary =k(x + 1) — 9.
e Alati€p tuyé&n ctia dd thi ham s& (1) khi va chi khi hé sau c¢6 nghiém

{4)&3 —6x2+1=k(x +1)=9 )
12x2 - 12x =k 3)
Thay (3) vao (2) ta dugc: 4x° — 6x* + 1= (12x* — 12x)(x + 1) - 9
x=-1
o x+1D)’4x+5=0 5
T2
e Véix=-1thik=24 = A;:y=24x+15
. V(’jix=§thik=§:>A2:y=§x—2.
4 4 47 4
15 21

Céc tiép tuyén can tim 1a: A;: y =24x + 15va Ay y = VR

Bai 7: CAO PANG CONG NGHIEP THUC PHAM KHOI B NAM 2007

x—1
(D
x+1
Pudng thing (d) di qua diém A(0; m) c6 hé s6 géc bing 2. Tim m dé€ (d) tiép

Cho ham s6 y =

xtc véi (C).

Gidi
Pudng thing (d) di qua di€ém A(0; m) c6 hé s géc bing 2 nén cé phudng trinh
y-m=2(x-0)<y=2x+m.
x-1 =2x+m (1)

. 1
(d) ti€p xtic véi (C) < X +2 c6 nghiém
=2 (2

x+1)?%

2)< x=0 hayx=-2.
Thé hai gid tri x ny vao phuong trinh (1) ta dugc dap s6 bai todnlam=—-1, m=7.

Bai 8: PAI HOC KHOI D NAM 2007

.2 .
Cho ham s§ y = ——— ¢ db thi (C).
x+1

Tim toa d6 diém M thuoc (C), biét ti€p tuyén ciia (C) tai M cit hai truc Ox, Oy

. . . s 1
tai A, B va tam gidc OAB c6 dién tich bdang 1

Gidi
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e Tapxdcdinh: D=R\{-1}. y'= 2 5>0, VxeD.
(x+1)

WMe@m@M@pﬁq.
m+1
e Phuong trinh ti€p tuyén d cla (C) tai M:
, 2m 2 2m?
y=y'(m)(x —m) + Sy= SX+ 5
m+1 (m+1) (m+1)

e A=dnOx néntoa dd A thda hé phuong trinh:

2 2m?

y= X+ =-m?
(m +1)2 @n+nz<3{x T = ACm?;0)
y=0
y=0
e B=dnOy néntoa dd B thda hé phuong trinh :
S R 2m> x=0 .
= 2 m
(m+1? (m+1)? <9, ,__2m° =B0; 5
y 5 (m+1)
x=0 (m+1)

iy PSR |
Tam gidc OAB c6 dién tich bang n

2m? !

(m +1)%

= %OA.OB :l =

‘ 2‘ 1 2m? +m+1=0 m
JmT| == <& =
2 2m?>-m-1=0

m=1

. 1 . 1 . .
Véi m =—§ ta co M(_E; —2) ;véim=1taco M(1;1).
. < R 2 ~ A A [NE) 2 1 N
Viy c6 hai diém M thoa man yéu cau bai todn: M(—E; —2) va M(1; 1).

Bai 9: PE DU BI 2. PAI HOC KHOI D NAM 2006

x+3

x—1

Cho ham s6 y = (@)

Cho diém M(xo; yo) € (C). Ti€p tuyén ctia (C) tai M, cit cdc tiém cin cia (C)
tai A va B. Chitng minh My 1a trung diém doan AB.

Gidi

Xg+3

e My(Xo; yo) € (C) &y =
XO —1

e Phuong trinh ti€p tuyén cia (C) tai Mo(xo; yo) 1a
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4
Aty = ——z(x—x0)+y0
(%0 =1)

o Giao diém cla A v6i tiém cin ngang 1a nghiém hé phuong trinh

4
Y= (x=x0)+3o
(xO—l) = A2xo— 15 1)
y=1
e Giao diém clia A v6i tiém can ding 12 nghiém hé phudng trinh

y——L(x—x )+y
e e :B(l; X°+7]

Xg —1

XA + XB _
Ta thay 2
A, B, M, thing hang

Bai 10 : DAI HOC KHOI B NAM 2006

X N
0 = M) trung di€ém doan AB.

2
) -1
Cho ham s8 y =22 6 dé thi (C).
X+2

Viét phuong trinh tiép tuyén ctia dd thi (C), biét ti€p tuyén d6 vudng géc véi

tiém cin xién cia (C).

Giai

Tiém cén xién cta dd thi (C) c6 phuong trinh y = x — 1, nén ti€p tuyé&n vudng géc
vdi tiém cin xién c6 hé s6 géc 1a k = —1.
Hoanh d6 ti€p diém 12 nghiém cta phuong trinh:

2

y=-1<1- =—leox="2+""
(x+2) 2
Véi x:—2+§:>y:¥—3

= Phuong trinh ti€p tuy&n 1a: (d;):y=—x+2J2 -5

Véi x=— —g:y=—§—3

= Phuong trinh ti&p tuyén 1a: (d,):y=—x—22-5
Bai 11: PE DU BI 2. PAI HOC KHOI A NAM 2006
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4
. X N e
Cho ham sb: y = ?— 2(x2 — 1) c6 @6 thi (C). Viét phuong trinh cdc dudng

thdng di qua diém A(0; 2) va ti&p xiic véi (C).

Gidi
Nhan thiy dudng thing x = 0 khong 1 ti€p tuyé&n cia (C)
e Goi d 12 dudng thing qua A(0; 2) c6 hé s6 géc k = d: y = kx + 2.

4
o 2ot =kx+1()) | .
d tiép xic véi (C) & < 2 c6 nghiém

2x° —dx =k )

x=0=>k=0

x= S ok=3 2
Thé (2) vao (1) ta duge 3x* - 8x*=0< <~ \3 “3\3
f:k8f
3 3\3
2

e . A 8
Viay cobati€éptuyéncantim:y=2, y= ig\Ex +2.

Bai 12 : BE DU BI 1. PAI HOC KHOI B NAM 2006

2
Cho ham s0: y = X =x-1
x+1

Viét phuong trinh cdc ti€p tuyén clia (C) di qua A(0; -5).

Gidi
e Goi A 1a dudng thing qua A(0; —5) c6 hé s6 géc k (vi dudng thing x = 0
khong 1a tiép tuyén ctia do thi)
=>Ay=k(x-0)-5=kx-5
2

ox-l s (1)
e x+1 .
e Atiépxic(C) << , c6 nghi€ém
X +2x
7=k (2)
(x+1)
2 2
-x-1 2
Thay (2) vio (1) ta duge: ~—* X TX 5

(x+1)  (x+1)
S -x-Dx+D)=x+2x"-5(x>+2x + 1)
X =72=k;=0=>A:y=-5
S +8x+4=0c 5
x2:—§:>k2:—8:>A2:y:—8x—5
Cédc ti€p tuyén cAn tim la:y = — 5; y = — 8x — 5.
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Bai 13: PAI HOC KHOI D NAM 2005

Goi (Cyy) 12 db thi ctia ham s§ y = %x3 - %xz +% (m 12 tham s6).

Goi M la diém thuoc (C,,) ¢6 hoanh d6 bing —1. Tim m d€ ti€p tuyén cla (Cy,)
tai diém M song song v&i dudng thing 5x —y = 0.

Gidi
Tap xdc dinh: D = R

Ta c6: y' = x* — mx.
Piém M thudc (Cy,) c6 hoanh dox =—11a M [—l; %j .
Tiép tuyén tai M cda (C,,) 12

A y+ %:y'(—l)(x+l)<:>y:(m+l)x+mgz.

A song song v4i d: 5x —y =0 (hay d:y =5x) khi va chi khi
m+1=5
m+2 < m=4.Viym=4.
#0

Bai 14: PE DU BI |

Goi (Cyy) 12 d6 thi clia hAm s6'y = —x’+ (2m + 1)x* —m — 1 (m 12 tham s3).
Tim m d€ db thi (C,,) ti€p xtic véi dudng thing y = 2mx —m — 1.

Giai

x> +2m+1)x>—m—-1=2mx-m—1(1)

d tiép xtc (Cp) < { c6 nghiém

—3x? +22m + )x =2m 2)
[(x=0

X[x? —2m+1)x +2m]=0 {—3x2 +2(2m+1x =2m

{—3){2 +2(2m+1)x =2m = {—xz +(2m+1)x=2m

i 3x% + 22m+1)x =2m

x=0 x=0
{sz m =0

= =
{—xz +(2m +1)x =2m x=1

2% —2m+1Dx =0 m=—

A z z . 2 ~ A A N z N 1
Vay c6 2 gid tri thoa man yéu caubaitodnlam=0vm=—.

Bai 15: PE DU BI 2
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2x—1

x—1

Cho ham 8 y = c6 @b thi (C).

Goi I 1a giao di€m hai dudng tiém can clia (C). Tim di€m M thudc (C) sao cho
ti€p tuyén cia (C) tai M vudng géc véi dudng thing IM.

Gidi

ViMe (C) nén M(m; 2m—1}
m-—1
-1
(m=17
e (C) c6 dudng tiém can ding x = 1 va dudng tiém cdn ngang y = 2.
I1a giao di€m hai dudng tiém can cta (C) = I(1; 2).

3 Iﬁ:(m—l; 2m_1—2j:(m—l; ;j
m—1 m—1

. ) a
= Hé s0 géc clia dudng thing IM 1a: k, = —2 =

e Hé s6 gbc clia tiép tuyén tai M 1a: k; = f'(m) =

1

4 (m-1)°
e Viti€p tuyén clia (C) tai M vudng géc IM nén ta cé:
=0
Kiko= — 1 ot ! =—1<:>(m—1)4=1<:>{m
(m-1)?% (m-1)° m =2

Véim=0= M(Q; 1)
Véim=2 = M(2;3)
Bai 16 : PE DU BI 1

.1 1 4 .
Cho ham s y=§x3 +5x2 ~2x =3 €6 dd thi (C)

Viét phuong trinh ti€p tuyén clia dd thi (C), biét riing ti€p tuyén d6 song song
v6i dudng thing d: y = 4x + 2.

Giai
Do ti€p tuyé&n A song song v6i d nén A c6 phuong trinh: y = 4x +b (b #2)
. f(x) =g(x
A tiép xiic (C) < { (x) =)
f'(x) =g'(x)
[ Xl = 2
26 (nhan)
lx3+lx2—2x—i=4x+b bl:_?
<13 2 3 =
x> +x-2=4 Xp=-3
73 (nhan)
b2 =

Viy ta c6 2 ti€p tuyén A;: y:4x—23—6;A2:y:4x+ %3

Bai 17:
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. . (2m-1)x-m? R .
Cho ham s6 y=——*—— (1) (m la tham s0).

Tim m d€ dd thi ham s& (1) ti€p xtic v6i dudng thing y = x.

Gidi

D6 thi ham s6 (1) ti€p xiic v6i dudng thing y = x

(2m—1)x—m2

-~ 7 @ =X o)

x—1 ' x—-m) =0 .

& 2 c6 nghiém < c6 nghiém x # 1

(m-1)" | (x=1)* =(m-1)?

2
(x-1)
< m# 1.

v Vandé11:  SUTUONG GIAO CUA HAI PO TH
A. PHUONG PHAP GIAI

Lap phuong trinh hoanh d9 giao diém ctia hai d thi.
Dang 1 : Phuong trinh hoanh d6 giao diém cé dang: ax’+bx+c=0 ©)
1. Hai d6 thi cit nhau tai 2 diém phan biét
<> Phuong trinh (*) c6 2 nghi€ém phan biét @{Zi% .
2. Hai d6 thi cit nhau tai 2 diém phan biét cing nim bén phai truc tung
<> Hai dd thi cdt nhau tai 2 diém phén biét ¢6 hoanh do duong
<> Phuong trinh (*) c6 2 nghiém duong phén biét

A>0
18>0 (Vcﬁs:—E vaP:Ej.
a a
P>0

3. Hai d6 thi cit nhau tai 2 diém phan biét cing niim bén trdi truc tung
<> Hai db thi cdt nhau tai 2 diém phan biét c6 hoanh d6 4m
A>0
< Phuong trinh (*) c6 2 nghiém am phan biét <{S<0 .
P>0

4. Hai dd thi cit nhau tai 2 di€m phan biét nim vé hai phia d&i véi truc tung
<> Hai dd thi cdt nhau tai 2 diém phan biét c6 hoanh do trdi dau
< Phuong trinh (*) ¢6 2 nghiém trdi ddu <P < 0.

5. Hai d6 thi cit nhau tai 2 di€m phan biét nim vé mot phia d6i véi truc tung
< Hai d6 thi cit nhau tai 2 diém phan biét c6 hoanh d6 cling dau
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A>0
P>0
Dang 2 : Phuong trinh hoanh d6 giao diém c6 dang: ax’+bx*+cx+d=0 ()
0] day ta chi xét phuong trinh (*) nham dugc 1 nghiém x = x,, nghia 12 phuong
trinh (*) dua dudc vé dang:

< Phuong trinh (*) ¢6 2 nghiém phan biét ciing d&u <:>{

X=X
(x = %) (ax’ +Bx+ ) =0 < 0
gx)=ax’ +Bx+C=0 (1) (a#0)
1. Hai dd thi c6 1 di€ém chung
< Phuong trinh (*) c6 1 nghiém
< Phuong trinh (1) c6 v6 nghiém hodc c¢6 nghiém kép x = x¢
Ag<0
{Ag =0va g(xg)=0
2.. Hai db thi ¢6 2 diém chung phéan biét
< Phuong trinh (*) c6 2 nghi€ém phén biét
Phuong trinh (1) ¢6 nghi€m kép khac x,,
[Phu’dng trinh (1) c6 2 nghi€m phan biét trong d6 c6 1 nghiém x =x,,
{Ag =0 5 {Ag >0
hoac
g(xp)#0 g(x9)=0
3. Hai dd thi ¢6 3 diém chung phan biét
< Phuong trinh (*) c6 3 nghiém phan biét
Ag>0
g(xp) %0
Dang 3: Phuong trinh hoanh do giao diém c6 dang : ax' +bx>+c=0 (%)
Pit t = x*. Phuong trinh (*) tr§ thanh at® +bt+c=0(1) (a#=0)
1. Hai dd thi c6 1 diém chung phan biét

<> Phuong trinh (1) c6 2 nghiém phan biét khic xy < {

< Phuong trinh (*) c6 1 nghiém
Phuong trinh (1) chi ¢6 diing 1 nghiém va nghiém nay bing 0
Phuong trinh (1) ¢6 1 nghiém biang 0 va 1 nghiém Am

b=c=0
|:C=0V§1 ab>0 "
2. Hai dd thi ¢6 2 di€m chung phan biét
& Phuong trinh (¥) ¢6 2 nghiém
<> Phuong trinh (1) c6 2 nghiém trdi dau
< ac<0.
3. Hai dd thi ¢6 3 di€m chung phan biét
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< Phuong trinh (*) c6 3 nghiém
&> Phuong trinh (1) ¢6 1 nghiém bing 0 va mot nghiém duong
< c=0vaab<O.
4. Hai dd thi c6 4 diém chung phin biét
< Phuong trinh (*) c6 4 nghiém
< Phuong trinh (1) c6 2 nghiém duong phan biét
A>0
<4S>0
P>0

B. DE THI
Bai 1 : PAI HOC KHOI D NAM 2011

Cho ham s6 y = 2x +11 . Tim k d& duding thing y = kx + 2k + 1 cit d6 thi (C) tai hai
X +
diém phan biét A, B sao cho khodng céch tir A va B dé&n truc hoanh biing nhau.

Gidi
Phuong trinh hoanh d6 giao diém clia dudng thing d: y = kx+2k +1 va (C) la:
2x +1

x+1
e dcit (C) tai hai diém < Phuong trinh (*) c6 hai nghi€ém

=kx+2k+ 1 <k’ + (Bk-1)x + 2k =0 (*) (Vi x =1 khdng la nghi€ém)

k#0 k#0 O
= =
A=k>—6k+1>0 |k<3-242vk>3+22
e Khi d6, hoanh dd x4, xg clia A va B 1a nghiém cla phudng trinh (*) nén dp
b 1-3k

dung dinh 1y Viétta c6: xpo + Xxg =—— = T .
a

e AvaBthuécdnény, =kxa+2k +1vayg=kxg+2k +1.
e Ta c6: Khodng cich tir A va B dén truc hoanh bing nhau
& |ya|=|vs| o [kxs +2k+1|=[kxy + 2k +1]
kx, +2k+1=kxg +2k+1 X, =Xg(Loai vi (*) ¢6 2 nghiém)
=
kx, +2k+1=—(kxg +2k+1) | k(x, +xp)+4k+2=0

o k(%}+4k+2:0 &k =—3 (Thda (I)).

Viy k = 3 théa yéu ciu bai todn.
Bai 2: PAI HOC KHOI A NAM 2010

Chohaims6y=x"—2x"+ (1 —m)x+m (1), mIa s& thuc.

Tim m d€ dd thi ctia ham s6 (1) cit truc hoanh tai 3 diém phan biét c6 hoanh
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dd x;, X2, X3 thda man diéu kién: X12 + x% + x% <4.
Giai

Phuong trinh hoanh d6 giao diém clia dd thi ham s& (1) va truc hoanh 1a:
x3—2x2+(1—m)x+m:0<:>(x— 1)(x2—x—m):0
&x=1 hayg(x):xz—x—m:O(Z)
Goi x4, X5 14 nghiém cla phuong trinh (2) thi x5 = 1.
Véi diéu kién (2) c6 nghiém, theo dinh li Vielit ta c6: X, + X, =1 va X;.Xx, =—m
Do d6 yéu ciu bai todn tuong duong véi:

Phuong trinh (2) ¢6 hai nghiém x,, x, phan biét khdc 1 va thda xi +x5 +1% <4

1
Apy=1+4m>0  |M>77 m>-=7 1
——<m<]1
& qg()=—m=0 < <m=#0 & im=0 1< 4
X]2+X%+1<4 (X1+X2)2_2X1X2<3 1+2m<3 mio

Bai 3 : PAI HOC KHOI B NAM 2010

2x+1 ©).

Cho hAim s8'y =
x+1

Tim m d€ dudng thing y = —2x + m cit dd thi (C) tai hai diém phan biét A, B

sao cho tam gidc OAB c6 dién tich biing \/5 (O 1a gdbc toa do).

Gidai
Phuong trinh hoanh d9 giao diém cda (C) va dudng thing d: y = —2x +m
2x +1
x+1
e Phuong trinh (*) c6 A=m’+8>0, Vm nén d ludn cit (C) tai diém A, B.
e ViA, B thudc dudng thing y = — 2x + m

= 2x+me 2%’ + 4-m)x+1-m=0(*) (vix=-1khong la nghi€ém)

nén ya = —2Xa + m va yp = — 2xg + m, vGi X5, Xp 12 nghiém ctia phudng trinh (*)

Ta cé:

Sa0aB = VB ©%|XAYA ~xpYp|= V3 Q‘XA (-2xp +m)—xp(-2x, + m)‘ =23

2
2
@‘m(xA—xB)‘=2xﬁ Rt mz(xA—XB) =12 < m2m Jr8:12
om'+8m’-48=0om’=4om=4+2,
Bai 4 : DAI HOC KHOI D NAM 2009
Tim cdc gi4 tri clia tham s6 m dé€ dudng thing y = — 2x + m cit db thi ham s&
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2
X“+x-1_ . . ., A 1A 2, 2
=———— tai hai di€m phan biét A, B sao cho trung di€m cua doan thang
X

AB thudc truc tung.

Gidi
Phuong trinh hoanh d6 giao diém clia dd thi va dudng thing y = — 2x + m la:
2
LXI=—2x+m oxt+x-1 = x(— 2x + m) (vi x = 0 khomg la nghi€ém)
X
&3 +(1-mx—-1=0 (1)
e Via.c <0nén phuong trinh (1) ludén c6 2 nghi€ém phan biét = 0
Do d6 @6 thi va dudng thing y = — 2x + m ludn cit nhau tai diém phan biét A, B
X, +Xp __3_ m-—1
2 2a 6
Theo gid thi€ttac6l € Oy & x;=0<m=1
Bai 5 : DAI HOC KHOI B NAM 2009

e Goil la trung diém clia AB, ta c6 X[ =

Tim cic gid tri cda tham s6 m d€ dudng thing y = — x + m cit dd thi ham s&

2 p—
y= X tai 2 diém phan biét A, B, sao cho AB =4.
X
Gidi
Phuong trinh hoanh d6 giao diém clia dd thi va dudng thingy=—x+mla:
2 a—
—X+m= S22 —mx-1=0 (*) (vix =0khong la nghiém cia (*))
X

e Vi2.(-1) <0 nén phuong trinh (*) luén c6 2 nghiém phan biét khic 0.
Do d6 @6 thi va dudng thing y = — x + m ludn cit nhau tai diém phan biét A, B.
e ViA, B thuoc dudng thingy = — X + m nén y, = — X5 + M Va yg = — X + m.
Do d6 A(xa; — Xa + m ); B(xg; — xg + m ) vGi X, Xg 12 nghiém ctia phuong trinh (*)
Tacé: AB=4 < (xg— xa)* + [(— Xg + m) — (— x5 + m)]* = 16

< 2(xg—xa) =16

m? +8

& (Xg—Xp) =8 = -8 om=+26.

Bai 6 : DPAI HOC KHOI D NAM 2009

Cho ham s8'y = x* — 3m + 2)x> + 3m ¢6 dd thi 12 (Cy,), m 12 tham s3.
Tim m dé dudng thing y = —1 cdt db thi (C,) tai 4 diém phéan biét déu c6
hoanh d6 nho hon 2.

Gidi

Phuong trinh hoanh d9 giao diém cda (C,,) va dudng thingy = —11a :
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x' = GBm+2)x*+3m=-1
o x'-CBm+2)x*+3m+1=0<x=+l hayx*=3m+1 (¥)
Pudng thing y = —1 cit (Cy,) tai 4 diém phan biét c6 hoanh dd nhd hon 2
< Phuong trinh (*) ¢6 hai nghiém phan biét khdc +1 va nhé hon 2

{0<3m+1<4 —1<m<1
& 3 .

3m+1=#1 m£0

Bai 7: PAIHOC KHOI D NAM 2008

Chohims6y =x" — 3x" + 4 (1)

Chiing minh riing moi dudng thing di qua diém I(1; 2) véi he s6 goc k (k >—3) déu
cit d6 thi cia ham s6 (1) tai ba diém phan biét I, A, B dong thdi I 1a trung diém clia
doan thing AB.

Gidi
Goi d 1a dudng thfmg qua I(1; 2) c6 hé s6 géc k (k > -3)
dy=k(x-1)+2
Phuong trinh hoanh do giao diém cta (C) va d la:
X =3 +4=k(x-1)+2
& x-DE-2x-k-2)=0 (%

x=1=x;
=

g(x)=x>-2x-k-2=0 (1)
A=3+k>0

e Do k > —3 nén phuong trinh (1) c6: .
phufgng trinh (1) {g(1)=—k—3¢0

= Phudng trinh (1) ludn c6 2 nghi€m phan biét x;, x, khac 1
= Phuong trinh (*) luén c6é 3 nghiém phén biét
= Pudng thing d ludn cit dd thi (C) tai 3 diém phan biét A, B, I
XA +Xg X[ +X,
e Mit khac 2 2
A, B, 1thing hang

ZIZXI

= 11a trung diém ctia doan thing AB (Piéu phai chiing minh).
Bai 8 : CAO PANG KHOI A, B, D NAM 2008

Chohémsé/y:L.
x—1

Tim m d€ dudng thing d: y = —x + m cdt d6 thi (C) tai hai diém phan biét.

Gidi

Phuong trinh hoanh d9 giao diém cda (C) va d la:
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=—Xx+m

x—1

< x = (=x +m)(x — 1) (vi x = 1 khong phaéi 1a nghiém)

o x’-mx+m=0 *)

d cit (C) tai 2 diém phan biét < (¥) ¢6 2 nghiém phan biét

SA>0em’ —4m>0<m<0vms>4.
Bai 9: CAO PANG KINH TE POI NGOAI KHOI A, D NAM 2007

Chohamsd:y=(x—- D(x*—2mx-m-1) (1) (m 12 tham s6)

DPinh m d€ dd thi cia ham s& (1) cit truc hoanh tai 3 di€m phan biét c6 hoanh
d6 16n hon —1.

Gidi
Phuong trinh hoanh d6 giao diém clia dd thi véi truc Ox la:
x- 1)(x2—2mx—m— H=0ex=1 hayf(x):x2—2mx—m— 1=0(2)
Cdch 1:
D6 thi cit truc hoanh tai 3 diém phan biét c6 hoanh d6 16n hon —1
< Phuong trinh (2) ¢6 2 nghi€ém phan biét 16n hon —1 va khic 1

AN=m?+m+1>0

S
o)y =m>-1 < m>0.
f(~1)=m >0
f(1) = —3m # 0
Cdch 2:

bitt=x + 1. Phuong trinh (2) trg thanh:
t-1*-2mt-1)-m-1=0=gt)=t*-2(1 +m)t+m=0 (3)
D4 thi cit truc hoanh tai 3 diém phan biét ¢6 hoanh d6 16n hon —1
< Phuong trinh (2) c6 2 nghi€ém x phan biét 16n hon —1 va khéac 1
<> Phuodng trinh (3) c6 2 nghi€ém t phan biét 16n hon 0 va khac 2

A=m?>+m+1>0
o JS=20+m)>0 <m>0.
P=m>0
g2)=-3m=0
Bai 10: PAI HOC KHOI D NAM 2006
Cho ham s6: y = x> — 3x + 2 ¢6 dd thi (C).
Goi d 1a dudng thing di qua diém M(3; 20) va c6 hé s& géc 1a m. Tim m dé
dudng thang d cdt do thi (C) tai 3 diém phan biét.
Gidai
Phuong trinh dudng thdng d 1a y = m(x — 3) + 20
Phuong trinh hoanh d9 giao diém cda d va (C) la:
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X2 =3x+2=m(x—3)+20 < (x —3)(x> +3x+6—m) =0
Pudng thing d cit d6 thi (C) tai 3 diém phan biét khi va chi khi:
f(x)= x% +3x+6—m c6 hai nghiém phan biét khic 3.

- {A:9—4(6—m)>0© m>$
f(3)=24-m = 0 a4

Bai 11: PE DU BI 1

Chohaims6y=x'-mx*+m—1 (1) (mIa tham so).

Xdc dinh m sao cho dd thi ctia ham s& (1) cit truc hoanh tai 4 di€m phan biét.

Gidi
e Phuong trinh hoanh d6 giao di€m ctia dd thi cia ham s6 (1) va truc Ox la:
X'-mx*+m-1=0 (¥
Pit t = x* > 0. Phuong trinh (%) trd thanh: € —mt+m— 1 =0 (*%)
e Db thi clia ham s6 (1) cit truc hoanh tai 4 diém phan biét
< Phuong trinh (*) cé 4 nghiém phan biét
< Phuong trinh (**) ¢6 hai nghi€ém phan biét duong

A>0 m2—4(m—1)>0
<S>0 & m>1
m >0 m#2
P>0 m-1>0
v Vin dé 12: TiINH CHAT POI XUNG

A. PHUGNG PHAP GIAI

1/ Piém A(x; y) ddi xting vdi diém B qua goc toa d6 O = B(—x; —y).

2/ Piém A(x; y) ddi xting vdi diém B qua truc hoanh = B(x; —y).

3/ Piém A(x; y) d6i xting v6i diém B qua truc tung = B(—x; y).

4/ Piém A(x; y) d6i xting vdi diém B qua dudng phan gidc ctia géc phan tu thi 1
1y =x= B(y; x).

5/ Piém A(x; y) ddi xing véi diém B qua dudng phan gidc clia géc phan tu thi
II: y = —x = B(-y; —x).

6/ Hai diém A va B ddi xting vdi nhau qua diém M
< M la trung dié€m clia doan AB.

7/ Hai diém A va B ddi xing v6i nhau qua dudng d: y = ax + b (a # 0).
e ABld.
e Trung di€m I clia doan AB niim trén dudng thing d.

B. DE THI
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Bai 1: CAO PANG TAI CHINH — HAI QUAN NAM 2007

X2 4+ 4x+7
x+1
Tim trén (C) hai di€m phan biét A, B d6i xiing nhau qua dudng thing

dx-y+6=0.

Cho ham 3 y = 6 do thi 1a (C).

Gidai
Goi (A) 1a dudng thing vudng géc véid = (A):x+y +m=0

Hoanh d9 giao diém I ctia (d) va (A) la x, = m+6

Phuong trinh hoanh d9 giao diém cda (A) va (C) la:
2
+ #er:o o2+ m+5x+m+7=0 (2) (x#-1)
X+
Véi diéu kién (2) c6 2 nghiém x, xg phan biét khdc —1
Ta c6: A, B ddi xting nhau qua dudng thing d: x —y + 6 =0.
< 11a trung diém AB
I, A, B thing hang (hién nhién)
= +
x| = XA TXB
2
@——m;6=——m:5 S2m+6)=m+5<m=-7
Khi 8y (2) < 2x* - 2x =0
< x=0vx =1 (Thda diéu kién (2) ¢6 2 nghiém phan biét khac —1).
Veix=0=>y=7,x=1=>y=6
Vay: A(0; 7), B(1; 6) hodc A(1; 6), B(O; 7).
Bai 2: BE DU BI 1 - PAI HOC KHOI D NAM 2006

3
Cho haim s6: y = —%+x2+3x—g (©)

Tim trén d thi (C) hai di€m phan biét M, N d6i xitng nhau qua truc tung.
Gidi
Goi M(x; y1), N(x2; y2) € (C) doi xiing qua Oy
Yéu cau bai todn tuong duong véi

Xy =—X; #0
{X2=_X1¢0C> 3 3
11 11
Y2=01 X—1+x12—3x1——=x—2+x%—3x2——
3 3 3 3
X, =—%X; #0
<3 3
X 11 X 1
Lox 3% - ==X 43x, - —
3 3 3
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Hu6ng dén gidi CDBT ti cic DTQG Todn hoc —

X, ==X, #0 X, =3 X; =-3
= 3 = \Y4
X —9X1=0 X2=—3 X2=3

X1:3:>Y1:? X ==3=y ==
. 5 L4
16 1
X2:_33y2:? X2:3:>Y2:?
1 1
Vay M(3; ?j N(—3; %j hay M(—3 ;?6); N(3; ;j

Bai 3:

Chohamsdy=x"—3x>+m (1) (m la tham s&)
Tim m d€ db thi ham s& (1) c6 hai diém phan biét ddi xtiing vdi nhau qua goc
toa do O.

Giai
Goi A va B 12 hai diém ddi xtiing nhau qua géc toa do.
Gid st A(x; y) thi B(—x; —y).
y=x3—3x2+m (1)

3

ViA,B e (Cy) néntacéo: (I)
-y=-X -3x>+m 2)

Cong cdc vé tuong ng clia (1) va (2) suy ra: m = 3x* 3
Yéu ciu bai todn tuong dudng véi (3) c6 nghiém x # 0

< m >0 (vico x ta tinh dugc y).

VAy gid tri m cAn tim 13 m > 0.
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